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Exercise 1. Let V be a reflexive, separable Banach-space and X := Lp(0, T ;V ) for some
p ∈ (1,∞). Consider an operator A : V → V ′ which has a space-time-interpretation
A : X → X ′. Show that

(i) A is V -monotone if and only if A is X-monotone.

(ii) A bounded operator A satisfying ‖Av‖V ′ ≤ C‖v‖p−1V for all v ∈ V is V -hemi-
continuous (resp. V -demi-continuous) if and only if A is X-hemi-continuous (resp.
X-demi-continuous).

Exercise 2. Let Ω ⊂ Rn be a bounded domain with smooth boundary and T > 0.
Consider the operator A : H1

0 (Ω) −→ H−1(Ω) defined as

A(u) := − div (a(u)∇u) ,

where a ∈ C(R) and 0 < δ1 ≤ a(u) ≤ δ2. Show that

(i) A(u(·)) : [0, T ] −→ H−1(Ω) is measurable for all u ∈ X = L2(0, T ;H1
0 (Ω));

(ii) A : X −→ X ′;

(iii) A : X −→ X ′ is bounded;

(iv) A : X −→ X ′ is coercive.

Exercise 3. Let Ω ⊂ Rn be a bounded domain with smooth boundary, 2 ≤ p <∞ and
T > 0. Consider the initial/boundary-value problem

ut − div(|∇u|p−2∇u) = 0 in Ω× (0, T ) ,

u = 0 on ∂Ω× [0, T ] ,

u(·, t = 0) = u0 in Ω ,

(1)

with u0 ∈ L2(Ω). Show that a unique weak solution u ∈ C([0, T ];L2(Ω)) exists.

Exercise 4. Let Ω = R3 and T > 0. Consider the Navier-Stokes-equation

ut + (u · ∇)u+∇p = ∆u in Ω× (0, T ] . (2)

Show that the Navier-Stokes equation supports the following symmetry groups:



(i) Galilean invariance: If (u, p) is a solution of (2) and c ∈ R3 is a constant vector,
then

uc(x, t) := u(x− ct, t) + c , pc(x, t) := p(x− ct, t) ,

is a solution of (2).

(ii) Rotation symmetry: If (u, p) is a solution of (2) and Q ∈ R3×3 is a rotation matrix,
i.e. QT = Q−1, then

uQ(x, t) := QTu(Qx, t) , pQ(x, t) := p(Qx, t) ,

is a solution of (2).

(iii) Scale invariance: If (u, p) is a solution of (2) and τ ∈ R+, then
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is a solution of (2).

Solutions will be discussed on Monday 22th of May 2017.


