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Exercise 1. Let Ω ⊂ R be a bounded domain with smooth boundary. Show that, for
u0 ∈ L2(Ω), the initial/boundary-value problem

ut − uxx = arctan(u)ux in Ω× (0,∞) ,

u = 0 on ∂Ω× [0,∞) ,

u(·, t = 0) = u0 in Ω ,

has a unique global solution u ∈ C([0,∞), L2(Ω)).

Hint: Use Theorems 3.15 and 3.13 from the lecture. Look for a function g with g′(x) =
arctan(x).

Exercise 2. Let Ω ⊂ Rn be a bounded domain with smooth boundary and T > 0.
Consider the Cauchy problem

ut −∆u = −u|u| in Ω× (0, T ] ,

u = 0 for (x, t) ∈ ∂Ω× [0, T ] ,

u(t = 0, ·) = u0 in Ω ,

(1)

with u0 ∈ L2(Ω). Prove, for n = 2 and n = 3, that a unique weak solution u ∈
C([0, T ], L2(Ω)) exists.

Attention: If n > 1 then u|u| ∈ H−1(Ω) does not hold for all u ∈ L2(Ω)!
Hint: Use a fixed-point iteration A(u) = w with −|u(t)|w(t) as a right-hand-side and
a suitable function subspace, and use the Gagliardo-Nirenberg-inequality in your
estimates: For 1 ≤ p, r, q ≤ ∞ it holds

||u||Lp(Ω) ≤ C||∇u||αLr(Ω)||u||1−αLq(Ω),
1
p

= α
(

1
r
− 1

n

)
+ (1− α)1

q
, α ∈ [0, 1].

Finally you can use the techniques of the proof of Theorem 3.16.

Exercise 3. Let Ω ⊂ Rn be a bounded domain with smooth boundary. Consider the
Cauchy problem 

ut −∆u = f(u) in Ω× (0, T ] ,
∂u
∂ν

= 0 for (x, t) ∈ ∂Ω× [0, T ] ,

u(t = 0, ·) = u0 in Ω ,

(2)



where u0 ∈ L∞(Ω), and f is a continuous, monotone decreasing function and there exists
M0 > 0 such that f(M0) ≤ 0 and f(−M0) ≥ 0. Suppose V = H1(Ω), H = L2(Ω) and
u ∈ L2(0, T ;V ) ∩H1(0, T ;V ′) is a weak solution of (2). Show that:

‖u(t, ·)‖L∞(Ω) ≤ max{M0, ‖u0‖L∞(Ω)}, t > 0.

Hint: Use v1 := (u −M)+ and v2 := (u + M)− for suitable M as test functions in the
weak formulation.

Exercise 4. Let Ω ⊂ Rn (n ≤ 3) be a bounded domain with smooth boundary, ε > 0
and let u be a classical solution of the Allen-Cahn-Equation

ut − ε∆u = −1
ε
(u2 − 1)u in Ω, t > 0,

∇u · ν = 0 auf ∂Ω, t > 0,

u(0) = u0.

(3)

Define for v ∈ H1(Ω) the functional

E[v] :=
ε

2

∫
Ω

|∇v|2dx+
1

4ε

∫
Ω

(v2 − 1)2dx.

Show that

(i) The derivative of t 7→ E(u(t)) is nonpositive for every t > 0.

(ii) E : H1(Ω) → R is weakly lower semicontinuous, i.e. uk ⇀ u weakly in H1(Ω)
implies E(u) ≤ lim infk→∞E(uk).

Solutions will be discussed on Monday 9th of May 2019.


