Geometric Analysis: Problem Set 3

. (Fundamental lemma of the Calculus of Variations). Let A be an open set in R and v a vector
Radon measure on R" with values in R™. If

/ p-dv=0 VypeCrARM),

then |v|(A) = 0. In particular, if v € L], (R" R™) and

loc
/ o) u(e)de =0 Yo e CF(AR™),

then v =0 a.e. on A.
(Hint: Use e-regularization.)

. Let p be a Radon measure on R”, let > 0, and define the two functions u,v : R" — [0, 00)

as u(z) = p(B(z,r)) and v(x) = pu(B(x,r)) (where B(z,r) is the open ball with center x and
radius r). Show that w is upper semicontinuous and v is lower semicontinuous.
(Hint: Define p, by pe(E) = u(E + z) for x € R and show that pi, — fi,,, when z — x.)

. Let p;, ;1 be vector Radon measures on R™. If y; = p as i — oo and 7, — 00 as k — 0o, then

I (| (Bry) = |ul(Br) VEEN = |l = Lul.

. Ifue L, (R") and

loc

/ uVe =0, YpeCrR"),
then there exists ¢ € R such that u = c a.e. on R".
. If E'is a set of locally finite perimeter, then R™\ E' is a set of locally finite perimeter and
prmE = —pp, P(E)=P(R"\E),
where pp is the Gauss-Green measure of F.

. If E and F are sets of locally finite perimeter, then pug = ur on the bounded Borel sets of R™
if and only if [EAF| =0. When is ug = —pup on the bounded Borel sets of R"?



