Geometric Analysis: Problem Set 6

1. Let u be a Radon measure on R™. If {u;};eny C LP(R™, i), where 1 < p < oo, satisfies
S [y < 00,
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then there exist a sequence i(k) — oo as k — oo and u € LP(R", ) such that
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for every ¢ € LP (R™, 11), where p/ = 1 for p = oo and p’ = p/(p — 1) for 1 < p < cc.

Hint: By the compactness criterion for signed Radon measures, there exists a signed Radon
measure v such that pg) = wig) p X p. Show that v is absolutely continuous w.r.t. (1 and
that, in fact, v = up for u € LP(R", ).

2. Show that if u € L}, (R™), then u. € C*(R"), spt u. C spt u + ¢ B,
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Vu(z) = | Vp(z —y)uly)dy, for zeR",
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and u.(FE) is contained in the closed convex hull of u(FE) for every £ C R™. Moreover, show
that u. — w in L} (R"), u.(x) — u(z) at Lebesgue points z of u, and, for 0 < R < oo,
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3. Let x € R™, o > 0 and {C, }o<,<s, be a family of Borel sets such that, for some § > a > 0,
B(z,ar) C C, C B(z,Br) for 0 < r < ry (for example, C,. = z +r A, A open and bounded,
0 € A). Show that if £ C R" is a Lebesgue measurable set and ¢ € {0, 1}, then z € E® if and
only if
lim 1EOGH
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Also show that the equivalence does not hold for 0 < ¢ < 1.

4. Let the function u € L}, .(R"), the set A C R"™ be open and connected, and let

loc
/ uVe=0 forall peCX(A).

Show that there is a constant ¢ € R such that v = c a.e. on A.



