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1. Problem: Martingale representation

Let W = {W; }4>0 with W, = (Wt(l), ce I/I/'t("))T be a standard n-dimensional Brownian
motion and o = (01,...,0,) € R™. In every one of the cases

(a) My = oW, for t >0,

(b) M; = ||W||3 — nt for ¢t >0,

(¢) M; = exp(cW; — 1||o||3t) for t > 0,

find a progessively measurable process f: [0,00) x Q@ — R"™ with E[fot Il f(s)|3ds] < oo
for every t > 0 such that

t
M, *":S'E[Mo]Jr/f(s)dWS, t>0.
0

Hint: Apply the n-dimensional Ito formula.

Remark: (b) is a compensated squared Bessel process of dimension n, (c) is geometric
Brownian motion.

2. Problem: Uniqueness of the solution of a stochastic differential equation
Let W = {W; }4>0 with W, = (Wt(l), ce I/Vt("))T be a standard n-dimensional Brownian
motion, y € R and 0 = (0y,...,0,) € R™. Give a direct proof that

2
Sy =95 exp(aWt + <u — HU2H2)t>, t>0,

is (up to indistinguishability) the unique strong solution of the stochastic differential

equation
dSt = ,USt dt + StU th, t 2 O,

with deterministic initial condition Sy > 0.

Hint: For uniqueness, let S = {gt}tzo denote another solution of the SDE and apply
the two-dimensional Ito formula to the process defined by X; = S;/.S; for t > 0.



