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1. Consider the multi-period Cox-Ross-Rubinstein binomial model with bank ac-
count Bn = (1 + r)n, n = 0, . . . , T , r ≥ 0, and stock price process S, where S
evolves between two consecutive periods as

Sn+1 = SnZn+1, n = 0, . . . , T − 1, S0 > 0.

Here (Zn)n=1,...,T are i.i.d random variables, taking only the two values u and d
for u > 1 + r > d > 0 with probabilities

P[Zn = u] = p and P[Zn = d] = 1− p, p ∈ (0, 1).

Denote by Xa a path-independent American claim with reward function g, i.e.,
Xa
n = g(Sn, n). Show that the price of the American claim at time n, given by

Vn := max
τ∈T[n,T ]

EP∗
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1

1 + r

)τ−n
Xa
τ

∣∣∣Fn]

can be recursively computed by

VT = g(ST , T )

Vn = max

(
g(Sn, n),EP∗

[
1

1 + r
Vn+1

∣∣∣Fn]) , n = N − 1, . . . , 0,
(1)

with

EP∗

[
1

1 + r
Vn+1

∣∣∣Fn] =
1

1 + r

[
p∗V u

n+1 + (1− p∗)V d
n+1

]
,

where p∗ = 1+r−d
u−d and V u

n+1 and V d
n+1 denote the values of V defined via (1) at

time n+1 in the nodes that correspond to the upward and downward movements
of the stock price during the time period [n, n+ 1].

2. Consider the three-period binomial model of Exercise 6.5.

Please turn over!



a) Find the time-zero price and optimal exercise policy (optimal stopping time)
for the American Straddle option that expires at time three and has strike
4 (i.e., it has intrinsic value |S − 4|).

b) Compute the time-zero price of the American call.

c) The value of the American Straddle option (which you computed in part a))
is strictly smaller than the sum of the values of the American put (which
you computed in Exercise 6.5) and the call (which you computed in part b),
even if |S − 4| = (S − 4)+ + (4− S)+; how is this possible ?

3. Consider the Black and Scholes model for the stock price process S and assume
that the interest rate r is constant. Let g be a nonnegative continuous reward
function such that

EP∗

[
sup
t∈[0,T ]

e−rtg(St, t)

]
<∞.

For t ∈ [0, T ] and T > 0, set

Jt = ess sup
τ∈T[t,T ]

EP∗
[
e−rτg(Sτ , τ) | Ft

]
,

where T[t,T ] denotes the set of all stopping times (with respect to the filtration
(Ft) generated by S) which satisfy t ≤ τ ≤ T a.s.

a) Prove that J is a supermartingale.

b) Show that for every t ∈ [0, T ]

EP∗ [Jt] = sup
τ∈T[t,T ]

EP∗
[
e−rτg(Sτ , τ)

]
.

c) A stopping time τ ∗ is said to be optimal if

EP∗
[
e−rτ

∗
g(Sτ∗ , τ

∗)
]

= sup
τ∈T[0,T ]

EP∗
[
e−rτg(Sτ , τ)

]
.

Prove that a stopping time τ ∗ is optimal if and only if the following proper-
ties are satisfies:

• Jτ∗ = e−rτ
∗
g(Sτ∗ , τ

∗) a.s.

• The stopped process Jτ
∗

defined by Jτ
∗

t := Jτ∗∧t, t ∈ [0, T ] is a martin-
gale.


