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Consider the Hubbard-Hamiltonian given by
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†
kσ + U

∑

i

ĉ
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The term containing µ fixes the number of particles. Specifically, here we consider the case of
half-filling where we have 〈n̂i〉 = 1 particles/site. This corresponds to µ = U

2
.

1. The Green’s function of a free-particle-system 4+2+1=7 Punkte

First, assume that the electrons are non-interacting, i.e., U=0.
a) Calculate the one-particle Green’s function Gσ(τ,k) by directly calculating the trace in the

definition

Gσ(τ,k) = −
1

Z
Tr

[

e−βĤĉkσ(τ)ĉ
†
kσ

]

, β ≥ τ ≥ 0 (2)

of the Green’s function. (The partition function is defined as Z = Tr[e−βĤ].)
Hint: Consider the equation of motion for the operator ĉkσ(τ), i.e.,

∂

∂τ
ĉkσ(τ) = [Ĥ, ĉkσ(τ)] = eτĤ[Ĥ, ĉkσ ]e

−τĤ. (3)

Solve this differential equation (for the case U=0) to find an expression for ĉkσ(τ).

b) Calculate the Green’s function Gσ(iωn,k) in frequency space by performing the Fourier-
transform

Gσ(iωn,k) =

∫ β

0

dτ eiωnτGσ(τ,k), (4)

where ωn = π
β
(2n + 1), n ∈ Z is a fermionic Matsubara-frequency.

c) Continue the result obtained in 1a) for Gσ(τ,k) to real times by the inverse Wick-rotation
τ → it. Give a physical interpretation for the result.

2. The Green’s function for the atomic limit 4+2=6 Punkte

Now, consider the opposite limit where the kinetic energy is negligible compared to the interac-
tion, i.e., εk=0.
a) Compute the (local!) Green’s function for site i, Giσ(τ), defined as

Giσ(τ) = −
1

Z
Tr

[

e−βĤĉiσ(τ)ĉ
†
iσ

]

, β ≥ τ ≥ 0 (5)

by directly evaluating the trace.
Hint: Consider that the different atoms are completely independent and hence, one can
evaluate the trace by using the occupation-basis for one site, which consists of four states.
Which are these?

b) Calculate the Green’s function Giσ(iωn) in frequency-space by performing the Fourier trans-
form for the result obtained in 2a).
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