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1) Prove that if ¥ is correct and P is expressible, then ¥ is G6del-incomplete.

Since P’ is expressible in X there must be some predicate H € H such that n € P° <= H(n) € T holds
Yn € N. Let h be the Godel number of H, i.e. h = "H, and let sentence G € S be the diagonalization
of H, i.e. G = H(h). By definition of P, we have n € P < TE,(n)" € P Vn € N, and therefore,
heP <« TH(Mh) €P < "TG'eP < "G¢ P < G ¢P. Since H expresses P, we also have
heP <« HMh)eT < GeT. It follows that G is a Godel sentence for P and G ¢ P «— G e T
must hold. Assume G ¢ T, then G € P which is a contradiction since ¥ is correct and therefore P C T must
hold. Hence, G € T and G ¢ P. Assume G € R, then since ¥ is correct and therefore consistent, it follows that
G ¢ T which is a contradiction. Hence, G ¢ R and therefore G is undecidable in 3 and ¥ is Gédel-incomplete.

2) Prove that if ¥ is consistent and R* is representable!, then ¥ is Gédel-incomplete.

Since R* is representable in ¥ there must be some predicate H € H such that H(n) € P <= n € R* holds
Vn € N. Tt follows that H(n) € P <= n € R* < "E,(n)" € R < E,(n) € R holds Vn € N, therefore
H(n) € P < F,(n) € R also holds for n ="H "' = h. Hence, H(h) € P < Erg~(h) e R < H(h)€eR
holds. Assume that H(h) € P, then also H(h) € R, which is a contradiction since X is consistent and PNR = {)
must hold. Therefore, H(h) ¢ P and H(h) ¢ R, therefore H(h) is undecidable in ¥ and ¥ is Gédel-incomplete.

3) Prove that P’ is not representable in any system X.

Assume that there is a system ¥ where P is representable, then by definition there must be some predicate
H € H such that H(n) € P <= n € P holds Vn € N. It follows that H(n) € P <= ne P <+
TE,(n)7€ P < TE,(n)"¢ P < E,(n) ¢ P holds Yn € N, therefore H(n) € P <= E,(n) ¢ P has
to hold also for n = "H™ = h. However, H(h) € P <= Erg-(h) ¢ P <= H(h) ¢ P is a contradiction,
therefore P~ cannot be representable in any system X.
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