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Exercise Sheet 1 “Nonlinear Partial Differential Equations”
(Separation of variables, Blow-up, Method of characteristics, Nonlinear transformation)

Exercise 1. Consider the porous medium—equation
up—Ag(uw’) =0 in R"x(0,00) 3 (x,t), (1)
for a constant v > 1 and a non-negative scalar function u > 0.

(i) Find a solution of equation (1) via a separation of variables, i.e. consider the ansatz
u(z,t) = v(t)w(x). Hint: Use w(x) = || for some a > 0.

(ii) Find a scaling-invariant solution u(z,t) in the form u(z,t) = & f (‘f—ﬁl) for some
constants «, f € R with o +1 = ay + 25 and a function f: R — R.

Sketch your solutions and discuss their behavior for ¢ — oco.

Exercise 2. Suppose T > 0 and €2 C R" is a bounded domain with smooth boundary.
Consider the initial-value-problem (IVP) for a reaction-diffusion equation

u=Au+ f(u) in G:=Qx (0,77,

Gu =0 on 90 x (0,7T), (2)
u(+,0) = up in Q,

and continuous functions f : R — R and ug € C(Q).

(i) Compute for f(u) = u* a spatial homogeneous solution u = u(t) of (2) and discuss
its asymptotic behavior for t — oo.

(ii) Prove that the IVP (2) for ug € C(Q2) with inf,cquo(z) > ¢ > 0 can not have
a bounded classical solution wu(z,t) for sufficiently large T'. Hint: comparison
principle

Classical solutions u, v € C2(G) N C°(G) of (2) with u < v on Q x {0}

and 24 < 2% on 90 x [0,T) satisfy u < v on G.
ov ov )

On the method of characteristics. The method of characteristics associates to a nonlinear
PDE of first order
F(Du,u,z) =0 in Q C R", (3)

a system of ordinary differential equations



with F(p(s), 2(s),z(s)) = 0 for s in a suitable interval I C R. A solution u(z) of
boundary value problem (BVP)

F(Du,u,z) =0 in Q CR",
{ (5)

u=f on ' CoQ,

with non-characteristic boundary conditions, can be constructed from solutions of (4)
with suitable initial conditions, see Evans ’Partial Differential Equations’ Section 3.2.

Exercise 3. Consider the BVP for the Fikonal-equation in geometrical optics

Vu| =1 in Q@ = {(z,y) eR* | y > 0},
u:\% on 0f).

Compute a solution of (6) via the method of characteristics.

Hint: In our setting, the initial conditions

2(0) = 2° = (é) €0, 2(0)=2", p0)=p"= (ﬁg) eR?, (7)
have to satisfy (the compatibility conditions),
Do), =6, Gt =0, 8
which are non-characteristic, if
D P, 20,2%) £0. )

Remark. This method of characteristics is local: it provides a solution of (6) in a
neighborhood of a point z(0) € 92 in 2 such that (9) holds.

Remark. Another method to find solutions of (6) would consist in applying Theorem 5.1
in the book of P.L. Lions:

P.L. Lions, Generalized solutions of Hamilton-Jacobi equations, Volume 62, London Pit-
man, 1982.

Exercise 4. Consider the Cauchy problem for a viscous HAMILTON-JACOBI-equation

{ut —eAu+b|Vul* =0 for (x,1) € R" x (0,00), (10)

u(z,0) = g(x) for x € R™,
with b € R, € > 0 and a function g : R — R.

(i) Suppose u is a classical solution of (10). Compute a function ¢ : R — R, such that
v = ¢(u) is a solution of a linear PDE.

(ii) Determine the Cauchy problem for v = ¢(u).

Solutions will be discussed on Thursday 14th of March 2017.



