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Exercise 2

1. Compute the Frenet-Serret frame, the curvature, and the torsion of the
helix

γ(t) = (a cos t, a sin t, bt).

2. Let γ be a unit-speed curve in R3. With the help of the Frenet-Serret
formulas find the components of the vector

...
γ in the Frenet-Serret frame.

Derive from this the formula

τ =
det(γ̇, γ̈,

...
γ )

κ2
.

3. Let γ be a unit-speed curve in Rn. For any ε ∈ R consider the curve

γε(t) = γ(t) + εγ̇(t).

(a) Show that the curve γε is regular.
(b) Show that γε is at least as long as γ:

L(γε) ≥ L(γ).

4. Let γ be a space curve contained in the unit sphere {p ∈ R3 | ‖p‖ = 1}.
Show that the curvature of γ is at least 1 at every point. (Hint : take the
arc-length parametrization and differentiate the inner product 〈γ, γ̇〉.)

5.∗∗ The pair of curves γ, γε from Exercise 3 can be viewed as the tracks of
the rear and front wheel of a bicycle (the bicycle frame is always tangent
to the trajectory of the rear wheel, while the front wheel can steer).

Given the tracks of the rear and front wheel, can you tell which way
the bicycle has traveled? (Sherlock Holmes gives a confusing explanation
in “The Adventure of the Priory School”.)

For fascinating geometry of bicycle tracks see [2, 1].
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