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1. Problem: Martingale representation
Let W = {Wt}t�0 with Wt = (W (1)

t , . . . ,W (n)
t )> be a standard n-dimensional Brownian

motion and � = (�1, . . . ,�n) 2 Rn. In every one of the cases

(a) Mt = �Wt for t � 0,

(b) Mt = kWtk2
2 � nt for t � 0,

(c) Mt = exp(�Wt � 1
2k�k2

2 t) for t � 0,

find a progessively measurable process f : [0,1)⇥⌦! Rn with E[
R t
0 kf(s)k2

2 ds] <1
for every t � 0 such that

Mt
a.s.
= E[M0] +

Z t

0

f(s) dWs, t � 0.

Hint: Apply the n-dimensional Itō formula.

Remark: (b) is a compensated squared Bessel process of dimension n, (c) is geometric
Brownian motion.

2. Problem: Uniqueness of the solution of a stochastic di↵erential equation
Let W = {Wt}t�0 with Wt = (W (1)

t , . . . ,W (n)
t )> be a standard n-dimensional Brownian

motion, µ 2 R and � = (�1, . . . ,�n) 2 Rn. Give a direct proof that

St = S0 exp
⇣
�Wt +

⇣
µ� k�k

2
2

2

⌘
t
⌘
, t � 0,

is (up to indistinguishability) the unique strong solution of the stochastic di↵erential
equation

dSt = µSt dt + St� dWt, t � 0,

with deterministic initial condition S0 > 0.

Hint: For uniqueness, let S̃ = {S̃t}t�0 denote another solution of the SDE and apply
the two-dimensional Itō formula to the process defined by Xt = S̃t/St for t � 0.
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