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9. Problem: Arbitrage possibility in the presence of fized transaction costs

Consider the Black—Scholes—Samuelson model with interest rate » = 0. Suppose that
every rebalancing of the investment portfolio induces a fixed transaction cost ¢ > 0.
Show that for every b > 0 there is a self-financing, piecewise constant trading strategy
¢ generating almost surely the profit b during the time interval [0, 1].

Hint: Adapt the definition of self-financing for piecewise constant strategies and gen-
eralize the example of an arbitrage strategy given in the lecture. Note that the initial
investment, all rebalancings as well as the final liquidation of the stock position induce
the cost c.

10. Problem: Continuity of the Black—Scholes call option pricing formula

The Black—Scholes call option pricing formula with stock price s > 0, time to maturity
T > 0, strike K € R, riskless interest rate » € R and volatility o € R is given in terms
of the cumulative distribution function ® of the standard normal distribution by

s®(dy(s, 7, K,r,0)) —e "TK®(do(s, 7, K,7,0)) if 5,7, K, |o| >0,

cps(s, 7, K, r,0) = .
Bs( ) { (s—e"K)" otherwise,

where

dio(s,7,K,r,0) =

1
(lni <7’ + 502>7) for s, 7, K, |o| > 0.

la\f
Show that cgg: [0,00)% x R® — [0, 00) is continuous.
Hints: Let X denote a standard normally distributed random Variable Verify and use

the stochastic representation cgs(s, 7, K,r,0) = E[(s exp(oy/7X — —0 2r) — ”K) ﬂ.

11. Problem: FEuropean options on stocks with known dividends

Suppose a stock pays known dividends k1, ..., Kk, € Rat times 0 < t; < --- <t,, <T.
Let the capital gains be modeled by a stochastic process {G}icpo,r). Let By = exp(rt)
for t € [0,T] denote the price process of the bank account unit with interest rate r € R.
The stock price process S = {S;}icp,r] is modeled in case (I) as S; = Gy — D,, where

Zﬁa 1y, (1)

denotes the value of the paid dividends up to time ¢t € [0, T] with compounded interest,
and in case (I1) as S; = Gy + Dy, where

Zfﬁa T4 (1)

1 Please turn over



denotes the value of the discounted future dividends at time ¢ € [0, T]. Let {Ct}te[o,T}
and {P;}¢co,r) denote the price processes of a European call and put option, respec-
tively, with maturity 7' > 0 and strike K € R.

(a) If buy-and-hold strategies do not create arbitrage, show that the call-put parity
holds, which in case (I) is given by
Cy— P, S+ D, — (K +Dp)e "9, te0,T],
and in case (II) by
C,—P%S,—D —Ke ™0  ¢e]0,7T].
Assume now that the capital gains process G is modelled by
Gy = Goexp(oW, + (u — 302)t), t €[0,7T),

with appreciation rate u € R, volatility ¢ > 0, initial value Gy > 0 and Brownian
motion {W;}iepon-
(b) Show that the arbitrage-free call and put option price processes are given in case (I)
b
’ Cy 2 cps(S, + Dy, T —t,K + Dp,r,0),
P, = pps(S; + Dy, T — t,K + Dr,1,0)
and in case (II) by A
Cy = cps(Sy — Dy, T —t,K,r,0),
P, % pps(S, — D, T —t,K,r,0)
for all ¢t € [0, T], where the Black—Scholes call option price formula cgg is explicitly

given in the previous problem and, correspondingly, the continuous put option price
formula pgs: [0,00)% x R® — [0, 00) is given via call-put parity by

pBS(SaTa K’ T, 0-)
g CBS(S7 7—7 K7 T, O‘) _I_ e_TTK — S
_ { e_rTK®<_d2(57 T, K7 Ty U)) - 8(b(_d1(87 T, K7 r? 0)) lf 577—’ K’ ’0-| > O’

(7K — )t otherwise.
(c) Calculate the replicating trading strategy and the gamma in both cases.

12. Problem: Prices and Greeks of Furopean options using implied volatility
Consider the Black—Scholes—Samuelson model with stock price process {S;}i>o satis-
fying Sqp = 100 and interest rate r = 3%. Assume that a European put option with
maturity 7, = 0.5 and strike K}, = 95 is traded for /) = 4 at time 0.

(a) Calculate the implied volatility o.

(b) Derive the replicating trading strategy and the gamma of a European put option
and determine the specific values at time 0 for the above parameters.

(c) Calculate (for both cases of the previous problem) the price at time 0 of a call
option with maturity 7. = 1.5 and strike K. = 105, taking into consideration that
there is a dividend of kK = 5 at time t = 1.

Hint: (a) Determine ¢ numerically. (¢) Which o do you take? What is your justifica-
tion?



