Mathematische Methoden der Theoretischen Physik 2011W

5. Tutorium - Lésungen 18.11.2011

5.1 Differentialoperatoren

a) divrot v — 0;e;10;v = Eijk 0;0; v =0.
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antisymmetrisch symmetrisch
b) rot grad ¢ — Eijk 0j0, ¢ =0.
~— —~
antisymmetrisch symmetrisch
c) rotrot v — €ij50€pimOVm =  E€ijk€kim 0j01Um = 0;0;v; — 0;0;v; — graddivv — Av.
—— ~—
04t éj'm —8im 6_7‘1 0 8j vj

d) A[V X (V X A) -V (V . A)] — Ai [€ijkaj (EklmalAm) — (97 (8JAJ)] = Ai EijkEklm 8j81Am — aiajAj
——

6il 6j7n 76'i7n 6_7‘1

= Az 8j81AJ — 8J(9]A1 — 81<9]AJ = —Ai (8J(9]A7) — —A (AA)
~——

0:0;A;
e) V-x—>8ixi:5n~:3.

f) Vr — 81'7” = azm = % TlT |:(87$])1‘J +Z‘j (871‘]):| = 26;7:?'7 = %
T LN~ ~—

0ij dij
g) AV (;‘—5) — (% (%) = T%((%{EZ) +x; (8”%) = %3 — £E¢5TL6 (aﬂ‘) = % — xl%% = —% (mit T;x; = 7‘2).
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)V (5) = 0, (%52) =y (9im) + 02 ( g ) =y by — pymy o = B - o B S,
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5.2 Tensorfelder
2
vew =4 5)

T

N « ., o =, _ P . cosp  singp
yAufere” Transformation: Q};(zn) = aiajQr(zn) — Q'(x) = a- Q(x) -a” mit a = < _sing cosg >

Q’(x):( cosp  sinep ) ( 2 0 ) ( cosp —sinep ):< cospx?  sin prl ) ( cosp —sinep )
—singp cosgp 0 22 sinp  cosp —singz?  cos pr3 sing  cosp

. c2x% + stg —csx% + csx%

o ( —csx? +csw3 s2a? + Pad

(c=cosy, s =sinyp)

,Innere* Transformation: « = a;jz;, demnach z; = (a’l)ij .

(@) = Ql; ((‘fl)z‘j a:;)-

Zur ,Uberpriifung” kann man aber einfach z; = a;jz; in die urspriingliche Form einsetzen.

oo 2 (P30 [ (cosin +siners)’ 0
o 0 22 ) 0 (— sin px1 + cos <px2)2
023:% + 2csx1x0 + 823:% 0 ,
o ( 0 c2x? — 2csriw0 + %23 ) Q'(x).

Nachdem @Q’'(z) nicht mit Q'(z) iibereinstimmt, ist dieser Tensor nicht forminvariant.
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,Aufere“ Transformation: R;J(xn) = araj R (z,) — R'(x) = a- R(x) - aT mit a = R

i 2 2 .
=, _ cosp  singp 7 + x5 0 cosp —singp \  ,, 9 c
Bx) = < —sing cosyp ) ( 0 x? + 23 ) ( sinp  cos¢ ) - (a?1—|—a:2) ( —s

2+s2 —cs+es 1 0

—cs+cs  s24c? 0 1

,Innere” Transformation:

Zur ,,Uberpriifung® kann man x, = a;;x; in die urspriingliche Form einsetzen:

= (o3 +23) = (o +23)

oz (D30 0 ) : Lo
R (x') = ( 0 2422 ) ((cxl + sx2)” + (—sw1 + cx2) ) 0 1
1 1
= [(® +5%) 2 + (2 + s?) 23 + (25¢ — 25¢) m122] ( 0 (1) ) 24+ 23 < 0 (1) ) R/ (x).

Da R/(z) und R’'(z) iibereinstimmen, ist dieser Tensor forminvariant.

_ 0  af+ua3
C)S(“>—<x§+x5 o )

,Aufere Transformation:

S cosp singp 0 z1 + 3 cos —sing \ _ 5 o ¢ s
S(X)_<—sin<p cosgo)(a:%—!—x% 0 sing  cosgp = (ot +a3) -s ¢

s ¢ c —s 2cs 2 —s?
:(x%—’—x%)(c —s)(s c )Z(x%—’—x%)(@—s? —2cs )

Hnnere” Transformation:

? 0 x'? + 2’2 10
S0 (el T ) =@ (g §) =5

Da S'(z) und S’(z) nicht iibereinstimmen, ist dieser Tensor nicht forminvariant.
2
_ zi—1 zi20 -1
d)T(x)_<x1x2+l z3—1 )
LAufere” Transformation:

T’(X): < cosp sin ¢ > < 221 mae—1 ) ( cos —sing )
—singp cosp T +1 231 sinp  cosp
_( c(zi—=1)+s(mre+1) c(ozme—1)+s (23 1) )(c —s)
T\ —s (x%—l)—!—c(a:la:g—i—l) —s(xla:g—l)—i—c(x%—l) s ¢
c? (a:% — 1) +cs(ziae + 1) +cs(vpza — 1) + 82 (x% — 1)

—cs (23— 1) = ? (mwg + 1) + A (122 — 1) +cs (z

—cs (23 = 1) + A (122 + 1) — 5% (122 — 1) + ¢s (23 — 1)

s? (23— 1) —es(zme + 1) —cs (mrae — 1) + 2 (x

—csx% + (02 — 52) 122 + csx% +1 szx% — 2¢csT1T9 + ch% -1

,Innere” Transformation:

? 22 -1 zhah —1
T/(X/)Z( 1—’—1 222 . >

B ( ch% + 2csx1x0 + 82x§ -1 —csx% + (02 — 82) T1To + csx% -1 >

_ ( (cxl + sw2)> — 1 (cx1 + sx2) (—sx1 + cxa) — 1 )
o\ (exy —|— sxg) (—sx1 + cxg) +1 (—sx1 + cx2)2 -1
_ c? xl + 2cszym0 4 5223 — 1 (cosx1 + sin pxa) (— sinxy + cos pxa) — 1
( —csxl + (02 — 52) 122 + csx2 +1 szx% — 2¢csT1T9 + c%% —1 )
=T'(z)

Da T”(z) und T"(z) iibereinstimmen, ist dieser Tensor forminvariant.

5.3 Kugelkoordinaten

i . . .

a) gi; = %gf,@. Mit 2t =7, 2’2 = 0, und 2" = ¢ ergibt sich
; _ 9z' 9z _ O(rsinfcosp) 8(rsinb cosp) + O(rsin 0 sin ) A(rsin f sin @) + 9(rcosh) A(rcosb)

911 = g1 R or ar ar ar ar or

= sin? 0 cos? ¢ + sin® #sin” p + cos? § = sin? 9((:05 © + sin? )—I—COb 0=1.

—sing

sin ¢
cosp J°
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; _ 9z' 8z, _ O(rsinfcosp) O(rsinfcos p) + 9(rsin O sin ) A(rsin fsin ) + 9(rcosh) A(rcosb)
922 = 9272 927 = o0 o0 a0 90

[ [
=12 cos? 0 cos? ¢ + 12 cos? Osin® ¢ 4+ 2 sin? 6 = 12 cos? 0 (cos2 © + sin® <p) +7r2sin? 0 = r2.
_ 9x' 9z __ O(rsinfcos¢p) O(rsinbcos p) + A(rsin O sin ) A(rsin b sin p) + A(rcos ) d(rcosb)
933 = 9273 9275 = ) ) Op Op oy oy

= r2sin? @ sin? ¢ 4 72 sin® f cos® ¢ + 0 = r2sin” 6.
Nicht-diagonale Elemente:
Da der metrische Tensor symmetrisch ist, g;; = g;, erhilt man:

9z! Bz; __ O(rsinfcosp) I(rsinb cos p) + A(rsin O sin ) A(rsin Osin ¢) + A(r cos @) d(rcosb)
912 = 921 = Gpm par = ar a0 ar a0 ar 0

= sin € cos pr cosf cos p + smﬁbln r cos B sin ¢ — cos Or sin 6
= rsinfcos (cos © + sin? gp) —rsinfcosf = 0.

’ _ 92! 8z, __ 9(rsinfcosp) 9(rsinf cosp) 9(rsin 0 sin ¢) A(rsin Osin ) 8(r cos 6) 9(r cos )
913 = 951 = 5y uk = + ar 95 + 90

or »
= —51n9cos<prsm€sm<p+sm@smgprsm@cosgp—i—0 =0.

’ 9z' Bz; _ O(rsinfcosp) I(rsinb cos p) A(rsin O sin ) A(rsin Osin p) A(r cos @) d(rcosb)
923 = Y32 = B s = 99 + 99 95 + =9 95
= —rcosf cosyrsinfsinp + rcosfsin pprsinfcose + 0 = 0.
1 0 0
—g=[ 0 2 0
0 0 r2sin’6
Metrik diagonal — Basis orthogonal.
b) Einheitsvektoren:
& = %ej, also
rsiné cos sin # cos
e = % = % rsinfsing | = | sinfsing | =sinécospe, + sinfsin pe, + cosfbe,.
rcosf cosf
rsinf cos ¢ r cosf cos p
ég:%:% rsinfsing | = ( rcosfsingy |.
rcosf —rsind
rsin 6 cos ¢ —rsinfsin ¢
éfp:g—’;:% rsinfsin ¢ ( rsin 6 cos ¢
rcosf 0
Normieren:
sin 6 cos ¢ sin 6 cos ¢
e = 1 sinfsinp | = | sinfsing
\/smz 0 cos? p+sin? 6 sin? p+cos? 6 ( cos 0 cos b
r cos 6 cos cosf cos
, . .
€0 = \/r2 cos? 0 cos? p+12 0052 0 sin? p+r2sin? 0 " C_Oi lellrgl v o COE QSISYT;QP
—7rsinfsin —singp
/ 1 :
€ = \/rg sin? 0 sin? p+r2sin? 6 cos? ¢ s %COS i - CO(S) v
c) Mit obiger Metrik: U =1, V. =r, W = rsiné.
Gradient:

V¢ —61181([54- e /282(154- /38/(15
er Orp(r,0, ) + V9089¢(7” 0,¢) + We<p <p¢( %)

— e0,0(r.0,¢) + Lagho(r.0.¢) + roigeodpolr,0.0).
Divergenz

diva = o7 (9] (VWa™) + 05 (UWa”?) + 85 (UVa'?)]
= [8 (VWa,) + 9 (UWag) + 0, (UVay,)]
= gll 5 [0 (r?sin Gar) + 09 (r bln@ag) + 0, (ray)]
= (9 ( 2 ) rqme‘% (bln 9&9)
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