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︸︷︷︸

antisymmetrisch

∂i∂j
︸︷︷︸

symmetrisch

vk = 0.b) rot gradϕ → εijk
︸︷︷︸

antisymmetrisch

∂j∂k
︸︷︷︸

symmetrisch

ϕ = 0.c) rot rotv → εijk∂jεklm∂lvm = εijkεklm
︸ ︷︷ ︸

δilδjm−δimδjl

∂j∂lvm = ∂j∂ivj
︸ ︷︷ ︸

∂i∂jvj

− ∂j∂jvi → graddiv v −∆v.d)A·[∇× (∇×A)−∇ (∇ ·A)] → Ai [εijk∂j (εklm∂lAm)− ∂i (∂jAj)] = Ai




 εijkεklm

︸ ︷︷ ︸

δilδjm−δimδjl

∂j∂lAm − ∂i∂jAj






= Ai




∂j∂iAj
︸ ︷︷ ︸

∂i∂jAj

− ∂j∂jAi − ∂i∂jAj




 = −Ai (∂j∂jAi) → −A (∆A).e) ∇ · x → ∂ixi = δii = 3.f) ∇r → ∂ir = ∂i

√
xjxj =

1
2

1√
xjxj

[(
∂ixj
︸︷︷︸

δij

)
xj + xj

(
∂ixj
︸︷︷︸

δij

)]

=
2δijxj

2r = xi

r
.g) ∇ ·

(
x

r5

)
→ ∂i

(
xi

r5

)
= 1

r5

(
∂ixi
︸︷︷︸

δii=3

)
+ xi

(
∂i

1
r5

)
= 1

r5
3− xi5

1
r6

(∂ir) =
3
r5

− xi
5
r6

xi

r
= − 2

r5
(mit xixi = r2).h) ∇ (

p·x
r5

)
→ ∂i

(pjxj

r5

)
= pj

1
r5

(
∂ixj
︸︷︷︸

δij

)
+ pjxj

(
∂i

1

r5
︸︷︷︸

− 5

r6
∂ir

)
= pj

1
r5
δij − pjxj

5
r6

xi

r
= pi

r5
− 5xipjxj

r7
→ p

r5
− 5x(p·x)

r7
.5.2 Tensorfeldera) Q(x) =

(
x2
1 0
0 x2

2

).�Äuÿere� Transformation: Q̃′
ij(xn) = aikajlQkl(xn) → Q̃′(x) = a ·Q(x) · aT mit a =

(
cosϕ sinϕ
− sinϕ cosϕ

).
Q̃′(x) =

(
cosϕ sinϕ
− sinϕ cosϕ

)(
x2
1 0
0 x2

2

)(
cosϕ − sinϕ
sinϕ cosϕ

)

=

(
cosϕx2

1 sinϕx2
2

− sinϕx2
1 cosϕx2

2

)(
cosϕ − sinϕ
sinϕ cosϕ

)

=

(
c2x2

1 + s2x2
2 −csx2

1 + csx2
2

−csx2
1 + csx2

2 s2x2
1 + c2x2

2

)(c ≡ cosϕ, s ≡ sinϕ)�Innere� Transformation: x′
i = aijxj , demnach xi =

(
a−1

)

ij
x′
j .

Q′
ij(x

′
n) = Q̃′

ij

((
a−1

)

ij
x′
j

).Zur �Überprüfung� kann man aber einfach x′
i = aijxj in die ursprüngliche Form einsetzen.

Q′(x′)
?
=

(
x′2

1 0
0 x′2

2

)

=

(
(cosϕx1 + sinϕx2)

2 0

0 (− sinϕx1 + cosϕx2)
2

)

=

(
c2x2

1 + 2csx1x2 + s2x2
1 0

0 c2x2
1 − 2csx1x2 + s2x2

1

)

= Q′(x).Nachdem Q̃′(x) nicht mit Q′(x) übereinstimmt, ist dieser Tensor nicht forminvariant.b) R(x) =

(
x2
1 + x2

2 0
0 x2

1 + x2
2

). 1



�Äuÿere� Transformation: R̃′
ij(xn) = aikajlRkl(xn) → R̃′(x) = a · R(x) · aT mit a =

(
cosϕ sinϕ
− sinϕ cosϕ

).
R̃′(x) =

(
cosϕ sinϕ
− sinϕ cosϕ

)(
x2
1 + x2

2 0
0 x2

1 + x2
2

)(
cosϕ − sinϕ
sinϕ cosϕ

)

=
(
x2
1 + x2

2

)
(

c s

−s c

)(
1 0
0 1

)(
c −s

s c

)

=
(
x2
1 + x2

2

)
(

c2 + s2 −cs+ cs

−cs+ cs s2 + c2

)

=
(
x2
1 + x2

2

)
(

1 0
0 1

)

.�Innere� Transformation:Zur �Überprüfung� kann man x′
i = aijxj in die ursprüngliche Form einsetzen:

R′(x′)
?
=

(
x′2

1 + x′2
2 0

0 x′2
1 + x′2

2

)

=
(

(cx1 + sx2)
2 + (−sx1 + cx2)

2
)(

1 0
0 1

)

=
[(
c2 + s2

)
x2
1 +

(
c2 + s2

)
x2
2 + (2sc− 2sc)x1x2

]
(

1 0
0 1

)

=
(
x2
1 + x2

2

)
(

1 0
0 1

)

= R′(x).Da R̃′(x) und R′(x) übereinstimmen, ist dieser Tensor forminvariant.c) S(x) = (
0 x2

1 + x2
2

x2
1 + x2

2 0

).�Äuÿere� Transformation:
S̃′(x) =

(
cosϕ sinϕ
− sinϕ cosϕ

)(
0 x2

1 + x2
2

x2
1 + x2

2 0

)(
cosϕ − sinϕ
sinϕ cosϕ

)

=
(
x2
1 + x2

2

)
(

c s

−s c

)(
0 1
1 0

)(
c −s

s c

)

=
(
x2
1 + x2

2

)
(

s c

c −s

)(
c −s

s c

)

=
(
x2
1 + x2

2

)
(

2cs c2 − s2

c2 − s2 −2cs

)

.�Innere� Transformation:
S′(x′)

?
=

(
0 x′2

1 + x′2
2

x′2
1 + x′2

2 0

)

=
(
x2
1 + x2

2

)
(

1 0
0 1

)

= S′(x).Da S̃′(x) und S′(x) nicht übereinstimmen, ist dieser Tensor nicht forminvariant.d) T (x) = (
x2
1 − 1 x1x2 − 1

x1x2 + 1 x2
2 − 1

).�Äuÿere� Transformation:
T̃ ′(x) =

(
cosϕ sinϕ
− sinϕ cosϕ

)(
x2
1 − 1 x1x2 − 1

x1x2 + 1 x2
2 − 1

)(
cosϕ − sinϕ
sinϕ cosϕ

)

=

(
c
(
x2
1 − 1

)
+ s (x1x2 + 1) c (x1x2 − 1) + s

(
x2
2 − 1

)

−s
(
x2
1 − 1

)
+ c (x1x2 + 1) −s (x1x2 − 1) + c

(
x2
2 − 1

)

)(
c −s

s c

)

=







c2
(
x2
1 − 1

)
+ cs (x1x2 + 1) + cs (x1x2 − 1) + s2

(
x2
2 − 1

)

−cs
(
x2
1 − 1

)
− s2 (x1x2 + 1) + c2 (x1x2 − 1) + cs

(
x2
2 − 1

)

−cs
(
x2
1 − 1

)
+ c2 (x1x2 + 1)− s2 (x1x2 − 1) + cs

(
x2
2 − 1

)

s2
(
x2
1 − 1

)
− cs (x1x2 + 1)− cs (x1x2 − 1) + c2

(
x2
2 − 1

)







=

(
c2x2

1 + 2csx1x2 + s2x2
2 − 1 −csx2

1 +
(
c2 − s2

)
x1x2 + csx2

2 − 1
−csx2

1 +
(
c2 − s2

)
x1x2 + csx2

2 + 1 s2x2
1 − 2csx1x2 + c2x2

2 − 1

).�Innere� Transformation:
T ′(x′)

?
=

(
x′2

1 − 1 x′
1x

′
2 − 1

x′
1x

′
2 + 1 x′2

2 − 1

)

=

(
(cx1 + sx2)

2 − 1 (cx1 + sx2) (−sx1 + cx2)− 1

(cx1 + sx2) (−sx1 + cx2) + 1 (−sx1 + cx2)
2 − 1

)

=

(
c2x2

1 + 2csx1x2 + s2x2
2 − 1 (cosϕx1 + sinϕx2) (− sinϕx1 + cosϕx2)− 1

−csx2
1 +

(
c2 − s2

)
x1x2 + csx2

2 + 1 s2x2
1 − 2csx1x2 + c2x2

2 − 1

)

= T ′(x)Da T̃ ′(x) und T ′(x) übereinstimmen, ist dieser Tensor forminvariant.5.3 Kugelkoordinatena) g′ij = ∂xl

∂x′i

∂xl

∂x′j . Mit x′1 = r, x′2 = θ, und x′3 = ϕ ergibt sich
g′11 = ∂xl

∂x′1

∂xl

∂x′1 = ∂(r sin θ cosϕ)
∂r

∂(r sin θ cosϕ)
∂r

+ ∂(r sin θ sinϕ)
∂r

∂(r sin θ sinϕ)
∂r

+ ∂(r cos θ)
∂r

∂(r cos θ)
∂r

= sin2 θ cos2 ϕ+ sin2 θ sin2 ϕ+ cos2 θ = sin2 θ
(
cos2 ϕ+ sin2 ϕ

)
+ cos2 θ = 1.2



g′22 = ∂xl

∂x′2

∂xl

∂x′2 = ∂(r sin θ cosϕ)
∂θ

∂(r sin θ cosϕ)
∂θ

+ ∂(r sin θ sinϕ)
∂θ

∂(r sin θ sinϕ)
∂θ

+ ∂(r cos θ)
∂θ

∂(r cos θ)
∂θ

= r2 cos2 θ cos2 ϕ+ r2 cos2 θ sin2 ϕ+ r2 sin2 θ = r2 cos2 θ
(
cos2 ϕ+ sin2 ϕ

)
+ r2 sin2 θ = r2.

g′33 = ∂xl

∂x′3

∂xl

∂x′3 = ∂(r sin θ cosϕ)
∂ϕ

∂(r sin θ cosϕ)
∂ϕ

+ ∂(r sin θ sinϕ)
∂ϕ

∂(r sin θ sinϕ)
∂ϕ

+ ∂(r cos θ)
∂ϕ

∂(r cos θ)
∂ϕ

= r2 sin2 θ sin2 ϕ+ r2 sin2 θ cos2 ϕ+ 0 = r2 sin2 θ.Nicht-diagonale Elemente:Da der metrische Tensor symmetrisch ist, g′ij = g′ji, erhält man:
g′12 = g′21 = ∂xl

∂x′1

∂xl

∂x′2 = ∂(r sin θ cosϕ)
∂r

∂(r sin θ cosϕ)
∂θ

+ ∂(r sin θ sinϕ)
∂r

∂(r sin θ sinϕ)
∂θ

+ ∂(r cos θ)
∂r

∂(r cos θ)
∂θ

= sin θ cosϕr cos θ cosϕ+ sin θ sinϕr cos θ sinϕ− cos θr sin θ
= r sin θ cos θ

(
cos2 ϕ+ sin2 ϕ

)
− r sin θ cos θ = 0.

g′13 = g′31 = ∂xl

∂x′1

∂xl

∂x′3 = ∂(r sin θ cosϕ)
∂r

∂(r sin θ cosϕ)
∂ϕ

+ ∂(r sin θ sinϕ)
∂r

∂(r sin θ sinϕ)
∂ϕ

+ ∂(r cos θ)
∂r

∂(r cos θ)
∂ϕ

= − sin θ cosϕr sin θ sinϕ+ sin θ sinϕr sin θ cosϕ+ 0 = 0.
g′23 = g′32 = ∂xl

∂x′2

∂xl

∂x′3 = ∂(r sin θ cosϕ)
∂ϑ

∂(r sin θ cosϕ)
∂ϕ

+ ∂(r sin θ sinϕ)
∂ϑ

∂(r sin θ sinϕ)
∂ϕ

+ ∂(r cos θ)
∂ϑ

∂(r cos θ)
∂ϕ

= −r cos θ cosϕr sin θ sinϕ+ r cos θ sinϕϕr sin θ cosϕ+ 0 = 0.
→ g =





1 0 0
0 r2 0
0 0 r2 sin2 θ



.Metrik diagonal → Basis orthogonal.b) Einheitsvektoren:
ẽ
′
i =

∂xj

∂x′i ej , also
ẽ
′
r = ∂x

∂r
= ∂

∂r





r sin θ cosϕ
r sin θ sinϕ

r cos θ



 =





sin θ cosϕ
sin θ sinϕ

cos θ



 = sin θ cosϕex + sin θ sinϕey + cos θez .
ẽ
′
θ = ∂x

∂θ
= ∂

∂θ





r sin θ cosϕ
r sin θ sinϕ

r cos θ



 =





r cos θ cosϕ
r cos θ sinϕ
−r sin θ



.
ẽ
′
ϕ = ∂x

∂ϕ
= ∂

∂ϕ





r sin θ cosϕ
r sin θ sinϕ

r cos θ



 =





−r sin θ sinϕ
r sin θ cosϕ

0



.Normieren:
e
′
r = 1√

sin2 θ cos2 ϕ+sin2 θ sin2 ϕ+cos2 θ





sin θ cosϕ
sin θ sinϕ

cos θ



 =





sin θ cosϕ
sin θ sinϕ

cos θ



.
e
′
θ = 1√

r2 cos2 θ cos2 ϕ+r2 cos2 θ sin2 ϕ+r2 sin2 θ





r cos θ cosϕ
r cos θ sinϕ
−r sin θ



 =





cos θ cosϕ
cos θ sinϕ
− sin θ



.
e
′
ϕ = 1√

r2 sin2 θ sin2 ϕ+r2 sin2 θ cos2 ϕ





−r sin θ sinϕ
r sin θ cosϕ

0



 =





− sinϕ
cosϕ
0



.c) Mit obiger Metrik: U = 1, V = r, W = r sin θ.Gradient:
∇φ = 1

U
e
′1∂′

1φ+ 1
V
e
′2∂′

2φ+ 1
W
e
′3∂′

3φ

= 1
U
er∂rφ(r, θ, ϕ) +

1
V
eθ∂θφ(r, θ, ϕ) +

1
W
eϕ∂ϕφ(r, θ, ϕ)

= er∂rφ(r, θ, ϕ) +
1
r
eθ∂θφ(r, θ, ϕ) +

1
r sin θ

eϕ∂ϕφ(r, θ, ϕ).Divergenz:
diva = 1

UV W

[
∂′
1

(
VWa′1

)
+ ∂′

2

(
UWa′2

)
+ ∂′

3

(
UV a′3

)]

= 1
UV W

[∂r (VWar) + ∂θ (UWaθ) + ∂ϕ (UV aϕ)]
= 1

r2 sin θ

[
∂r

(
r2 sin θar

)
+ ∂θ (r sin θaθ) + ∂ϕ (raϕ)

]

= 1
r2
∂r

(
r2ar

)
+ 1

r sin θ
∂θ (sin θaθ) +

1
r sin θ

∂ϕaϕ.

3


