Mathematische Methoden der Theoretischen Physik 2012W

2. Tutorium - L6sungen 09.11.2012

2.1 Pauli-Matrizen
a)0102<0 1><0 ><l O>’LO’3
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09201 = ( 0 > < ) < ) = 71.0'3.
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[01,02] = 01092 — 0201 = 03 2i0
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¢) [o1 — 02,01 + 03] = [01,01] — [02,01 + [01,02] (02, 02] = 4ios.
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2.2 Spektraltheorem

- 1 —2

a) Sikulardeterminante: det (A — M) =det| 1 —1—X 1 | =0 fihrt zu =A2(1+A) + A+ X -2 —
-2 1 -

2+4(1+X) =0 = =AM =A46A4+0=0 - AN +X+6)=0.

Eigenwerte: A3 = 0, )\172———i,/——%—%i5 — A =2, =—

Zugehorige Eigenvektoren: fiir A3 = 0:

0 1 =2 0 1 =2 T
(A=XID)x35=0 — 1 -1 1 x3 =0 — 1 -1 1 To = 0. Losen
-2 1 0 -2 1 0 x3
des Gleichungssystems mit 3 Variablen liefert (nach einiger Rechnung) z.B. 21 — x5 = 0, 22 — 223 = 0, was
1
z.B. durch den Vektor x3 = 2 erfiillt wird.
1
Analog findet man fiir \; =2
-2 1 =2 1 0 1 1
(A—X\I)x; =0 — 1 -3 1 x1 =0 — 0 1 0 |x3=0,alsox; = 0
( -2 1 =2 0 0 O -1
1
Und fiir Ay = —3 folgt x5 = -1
-
1 1 1
Normierte Eigenvektoren: x; = \/ig 01 , Xo = % —11 , X3 = % ;

b) Projektoren:

1 1 0 —1
Ei=x®x{ =%+ 0 |(0-1)=1| 0 0 0 |,

—1 -1 0 1

1 1 -1 1
E;=x®x; =3 | -1 |(L,-L,)=%| -1 1 -1 |,

1 1 -1 1

1 1 21
Es=x30x3 =¢| 2 |(1,2,1)=¢ 2 4 2

1 1 21



Spektrale Form:

1 0 -1 1 -1 1 1 2 1
SEOANE;=2x3| 0 0 0 |-3xi[ -1 1 -1 |+0xi| 2 4 2
-1 0 1 1 -1 1 1 2 1
0 1 -2
-2 1 0
¢) Man erhilt die Identitdtsmatrix:
1 0 -1 1 -1 1 1 2 1 1 0 0
Ei+E;+E;=3| 0 0 0 |+3( -1 1 -1 ]+%l 242 |=l010]=I
-1 0 1 1 -1 1 1 2 1 0 0 1
t—),
d) Pz() H1<]<k i N /\]
pi(t) = 325 = 50 = 1wt (E+3),
pa(t) = 5 e = j;_22 3_00 = g5t (t —2),
ps(t) = A2 = sors — s (L= 2 (E+3).
e) z.B
0 1 -2 3 1 =2 5 0 =5
pA) =FAA+3) =L 1 -1 1 1 2 1 |=%[ 0 0o o |=E.
-2 1 0 -2 1 3 -5 0 5
2.3 Funktionen von Matrizen
a) e BA=T4+A'BA+1(A'BA)’ + 4 (A'BA) +
= I + A7 'BA+ IA'BAAT'BA + JAT'BAAT'BAA'BA + ...
\ ) 2 — 3! —_—— N —
A-1A=A-1IA I I I
=A'(I+B+iBB+3BBB+...) A= A'ePA,
oder
1 o~ (AT'BA)" o 1 _ S n
e BA:Zn:O%:Zn:OA nl‘j’ A=A 1(Zn ol?zl)A A~1eBA.
. oS iao;)™ 0o o iag;)?n Tt
b) GXp(’LCYO'i) :Zn:()( n!) = Zn 0( 2n) +Zn 0( 2nJ)rl)
. 00 _ na2n+1
=1y 0 (2n), +wizn:0((12)nT)!flcos( ) + i0; sin(c),
mit ( i)2 =o,0; = 1, (ai)3 = o, etc.
oo A" oo 1 [k () oo 1k \npn
c) exp(A) =32, 0 57 = Lo ar (imi MEi ) = 20000 22 AT B
~—
E;
= T LNE, =Y exp (\) Ei. ( (*) Das gilt, da E;E; = 0 fiir i # j.)
d) det (e®) = det (es ADS) = det (S7'eAPS) = det (S7') det (e”7) det (S) = det (7). Per Konstrukti-
on sind nur Diagonalelemente von A p besetzt: Ap = diag (A1, Az, ..., \n).
10 - 0 M 0O - 0 X0 - 0
0 1 0 0 X 0 0 A2 0
eAr =1+Ap+IAL+... = | . . +| . . +i . 4o
00 1 0 0 An 0 0 A2
T+ A+ 2+ 0 0 e 0 - 0
0 T+ X+ 32X+ ... 0 0 e 0
0 0 T+ A+ 300+ 0 0 et
eM 0 0
0 e 0
—det (eAD) = det . ) = eMer2 | et = eMtrettAn,
0 0 et

—1
Das stimmt mit der rechten Seite iiberein: ¢TrA = ¢T(S7'ApS) — (TrAp — Mi+datotrn



