Mathematische Methoden der Theoretischen Physik 2012W

3. Tutorium - L6sungen 16.11.2012

3.1 Tensoren

a) Transformationsmatrix €} = a;/e;: a;' = cosp, a2 = sing, a,' = —sin @, a;> = cos p. (Notation: ¢ = cos ¢,
s = sing)

A;k =a lakmAlm.

Al = a1 a™ A, = atat A + al al ZA0 + al al LAgr + al a1 2Ags = ?1 + sl + sc2 + ss3 = % + 3sc + 3s%.
Al = a1 ag™ A, = atat Agy +a1 a2 2 A9 +a1 a2 L Aoy +a1 a2 2 A = —csl + 21 — 5?2+ s¢3 = ¢ + 2sc — 252
Ay = a2 a" Ay, = aglal A +atta?Ars +afalt Agy 4+ ata? Asy = —scl — 521+ c?2 + ¢s3 = 2¢2 + 2s5¢ — 52,
Aly = aja" A = agtagt A1y + attal Ao + atas Aoy + afal Asy = +5°1 — scl — cs2 4 ¢?3 = 3¢2 — 3sc+ s

In Matrizenform geschrieben: aij —a= cosp Sy
c s c+s —s+c _
-5 ¢ 2c+3s —2s+3c )

—sing cosy

, ’_ c s 1 1 c —s
Ak—aakAlm—>A aAa” (Sc)(23)(s C)

¢+ 3sc+3s%2 ¢+ 2sc — 252
2¢% +2sc¢ — s? 3¢ — 3sc+ s2
b) Metrischer Tensor: g;; = e; - /.

g, =¢€)-€) = (c) (C>—0052g0+sin2<p:1.
(c) ( ):—cs+sc:0.
S
( ) ( )cs+sc0.
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Und dhnlich: A2 = A, = ¢ 4+ 2sc — 25%, A1 = A)) = 2¢% + 2s¢ — s, A'*? = A}, = 3¢ — 3sc+ s°.
d) Transformationsmatrix e/ =a’e;ialt=1,a2=0,a =-2,a7 = 1.
A —a a Al

jk k m:-

Allll =a lal Alm - 0/110/111411 + allal A12 + 0/1 0/1 A21 + al al A22 =1404+0+0=1.
Ay = alla2 Aim = attat A + ata Ay + al a2 L Agy + a1 a2 2Agp = —-2x1+14+0+0=—1.
Al = ada™ Ay, = agtat Ay + a21a1 Arg + a2 atAsy + a5 a1 A =-2x1+0+2+0=0.
Ay = atag" A = atagt A1r + asta? A1a + afast Aoy + altalf Ay =4x1-2x1-2x2+3=1.

e) gij = €] - €.
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A//ll g/llk //1lA// — g//llg//llAll/1 +g//1lg//12A/1/2 + g//12g//11A/2/1 + g//12g//12A/2/2

=25x14+10x (1) +10x0+4x1=25—104+0+1 = 19,

ANZ = gMhgn2lA =10x 14+5%x (-1)+4x04+2x1=10-5+0+2=7,

AL = g"hgMEA =10x 144 % (—1)+5x04+2x1=10—4+0+2=38,

A2 = gkgAL =4 x14+2%x (-1)+2x0+1x1=4—-24+0+1=3.

f) Es kommt stets die gleiche Zahl heraus, da die Spur basisunabhéngig ist:

gijAji = gllAll +g12A21 +921A12 +g22A22 =1x140x14+0x2+1x3=4.

gAY = gAY 4 g 12 AY + gAY + P AL =5 X 1+ 2x (—1) +2x 04+ 1 x 1 =4.

AijAji = A11A11 +A12A21 +A21A12 +A22A22 =1x141x242x14+3x3=14.

AYA = AMLAY ¢ ATRAY 4 APA A2 AY =19 X 14T X 048 X (—1) +3x 1= 14,

AT A =AM A + AP A1g + AP Aoy + A2 A9 =1 x 14+ 1x14+2x2+3x3=15.

A"TAL = AMAY + AT AL, + APAY 4 AP A =1 x 141 x142x243x3=15.

f): g”ijA;-/ngkm (A;;” _ A;/m) — A//z’m (Ax“ _ A;/m) — A”imA;;u' _ A//imA/i/m — AimAmi _ Az’mAim
=14-15=—1.

t — A//le//kl (61]55 . 555{6 —l—g”jkg;;) _ A//le// l535k A//l A l535k +A//l A// l //Jkgz
_ A”ilA”il _ A”iz‘A”kk + A”ikA”ki _ A//ilA// //ng// klA// AI”kA”ki: 15— 16+ 14 = 13.

3.2 Levi-Civita Symbol

a) €ijkEkim = 0il0jm — dim0ji

Einsetzen: falls ¢, j, k und k, [, m jeweils paarweise verschieden sind: In der Summe {iber k tragt links nur
1 Term bei.

Falls i, j, und k eine gerade Permutation von [, m, k ist ergibt sich +1, z.B.:

1=1,j=21=1,m=2: gjpepm =1-1=08;0jm —dimdjy =1-0=1.

Falls i, j, und k eine ungerade Permutation von [, m, k ist ergibt sich -1, z.B.:

1= 1, j = 2, | = 2, m=1: €ijkEklm = 1- (71) = 5il5jm — 5im5jl =0-1=-1.

(Zyklisches Vertauschen dndert weder links noch rechts etwas am Ergebnis).

Falls ¢ und j ident sind, ergibt sich links 0 und rechts

8i10im — 0im0i1 = 0 (ohne Einsteinsche Summenkonvention).

b) Fiir komplexe Vektoren verwenden wir: ab= <6‘ 5> =a;b;, und (6 X l;) = g4jka; by, Weiters: |<i|2 =d-d.
@B + 1@ x b2 = (a.E) (5-5) + (ax E) : (d’x 5) — (ath)" atb; + cinalbieamabn = abiaih; +
(O510km — Ojm 1) @507 a1bm= aiba3b; + ata;bib, — a3bianb; = ajazbiby = (@-a) (5-5) = [al[bl2,

Damit folgen auch gleich die beiden Ungleichungen, da fiir jedes Quadrat |...|*> > 0 gilt, z.B. |d’|2|l;|2 =
|@-b]? +|a@ x b|> > |a-b|?.

3.3 Differentialoperatoren

a) divrot v — 0;e;50;5v = €ijk 0;0; v =0.
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antisymmetrisch symmetrisch

b) rotrot v — ;50,6 kimO1Um = E€ijkEkim  0;01Um = 0;0;v; — 0;0;v; — graddivv — Av.
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d) Vr — 0ir = 0;\/T;75 = 5 o [(aixj)xj +z; (@xj)} = 2008 = i,
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