Mathematische Methoden der Theoretischen Physik 2012W

7. Tutorium - Lésungen 21.12.2012

7.1 Laplace-Gleichung in Zylinderkoordinaten

7 COS
Zylinderkoordinaten: x = | rsin¢
z
e} = fore = 5.
cos ¢ —rsingp 0
ﬁeT:%x: sing |, e@:%x: T COS , eZ:%x: 0
0 0 1
Berechnung der Metrik:
1 0 0 CoS ¢ cos ¢
g, =¢€j-ei=lghi]=10 r 0 ) ,zB.e.ce,.= | sinp |- | sinp | =1, ete.
0 0 1 0 0
Determinante: || = det [gj;] =1 x 1% x 1 =12,
1 0 0
Inverse Metrik: g'7 g, = 0}, —g};] = ( 0 & 0
0 1

Laplace-Operator: A =
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=10, (rx1x8,)+ 210, (rx % x0,)+10.(rx1x0,)
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b) Homogene Laplace-Gleichung: (%% + 53—:2 + 5.2 6—2) O(r,p,2) =0.
Ansatz: ®(r, p, 2) = P1(r)P2(p)P3(2).

Kmﬂ§%¢<ﬂ%m%@+%@mL%%@ﬂ%@+@m%@w%%@}ﬂ,

Lo (Viglga;)

I= 3]
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ErG (}g L) 01(0)] + Aot [ 020)] = —5k5 [£r0s(2)| = A1) = A(2) = A = const.
— ®Y(2) = —A<I>3( ).

r2 |:<I>11(7‘) (%m + W) Dy (r) — A} = 7#(4/9) [66_;(1)2(@)} = B(r) = B(yp) = B = const.

= 3(p) = —Ba(e).

= (12 + &) 01(r) = 401 (1) + B (7).

7.2 Greensche Funktion
a) L, =— d2 )\ f( ) = ax, Lyy(x) = f(z).

Ansatz: G = o= [* G(k)e*R =) gk
und §(x — x ) = 2177 fooo Zk(m x )dk einsetzen in
Ly G(x ') =6(x — '),
( )G( #') = d(z —a'),
( 2 )\) eik(@—2") g — L eika—2") gp..
= f_ (k:2 ) zk(m—w')dk: %ffooo eik(m—m')dk.

Verglelch der Integranden:



Gk) (K> =X =1. = G(k) == ey vyt

(Etwas ausfiihrlicher: Fourier-Transformation [~ dx e~ (@=2") guf beiden Seiten angewandt:
— [ dee @) L (% qkG(k) (K — X) eRe=2) = [ dg etk @) L [% ggeikle=aT),
= 5= [ dkG(k) (k* - )\)/ dy elh=F)@=a’) = L o0 dk/ da /= k)@ =a"),

275 (k—k') 215 (k—k')

- G(K') (K% = )) =1.)

N1 0o eik(m z’)
G(ZC,ZC)—E 5o de

Beide Pole liegen genau auf der reellen Achse. Um den Residuensatz anwenden zu kénnen, werden die Pole
leicht verschoben, z.B. nach oben: (k — k1) (k — k2) = (kz +v\— ia) (k: -V = ia) mit k1 = —V\ + ie,
ks = VA + ie. Beide Pole liegen nun im oberen Bereich. Fiir  — &’ > 0: GroRkreis oben schliefen (ik =

i(Rek +ilmk) = iRek — Imk: Fiir Imk > 0 exponentiell gedampft). Fiir z — 2’ < 0: Grofkreis unten schliefen:
hier sind keine Pole mehr eingeschlossen.

'Lk(m z’) . ewk(m x’)
G(x,2') = H(x —2') [2mReskﬁ \/_+z€27r (k+\/X 0 (e /A—ie) +27TZR€S]€%\/XJriE%(k-H/X—ia)(k—\/X—ia)] +
H(x —2)x0

= H(x—a")2mi |:hrnkH \/—J”E(k_’_ V- %_)Qﬂ( pik(o—a) Sik(a—a!) :|

k+vX— 15)( \/X—is) hmk%\/_Jﬂe(k—i_lw)Qﬂ' (k-‘r\/X za)(k V- za)

— H(z — o) [ie*’f;x““ D] 20 (e )i (e—zﬂw—z) _ eiVA@—a’ ) — H(z —
—sin(\/X(z—z/))

x’)T =: Gy(z,2').
b) Randbedingung G(O ' > 0) =0 ist erfiillt.
fo x')dz'

(Fallb nicht, kann man homogene Greensche Funktionen hinzufiigen, um die Randbedingungen zu erfiillen,
z.B. fiir 0 < 2’ < d:

G(z,2") = Gr(z,2") + Asin (\/X(:L‘ - x’)) + Bcos (\/X(:c — z’))
G(0,2') = 0+ Ay/Xsin (\/X(z - x’)) + By cos (\/X(z - z’)) =0. (D)

G'(z,2') = d(x 7$/)w — H(z —2') cos (\/X(x—z’))

+Av/Xcos (\/X(ac - x')) — BV/Asin (\/X(x - x’))
G'(0,2") =0 — 0+ Av/Acos (\/X(ac - x’)) — BV Asin (\/X(x - x’)) = 0. (II)
Aus (I) und (1I) folgt: A =0, B =0.

= G(z,2') = Gr(x,2').)
Losung fiir 0 < z < d:

fo Nda' = / H(x _sm(\/\;x(m i )oex’d:c’
= % Jy sin V(' — ac)) a'dx’
- % [7 % cos (\/X(x’ — :c)) x z/ Y + foz % cos (\/X(x’ — z)) dz’]
= % [—% cos (\/X X 0) x40+ §sin (\/X X 0) — $sin (\/X(—ac))}
=% [—%x + 1 sin (\/Xx)} = —%2+ ;5 sin (\/Xx)
Probe: y(0) =0,
y'(0) = =% + S cos (0) = 0.
() = =5 +  cos (Var).
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Lay() = — i y(2) - Ny(2)
)\z)—/\[ /\er sm(\/_z”

= f% sin
=ax = f(z).

7.3 Sturm-Liouville-Problem

| 2
a)Lay(x) =y" + 2y — Fy = ao(2)y(z) + a1(2) 7y (x) + az(2) Fzy(2).
ap(z) = =&, ar1(z) = L, as(z) = 1.
—Transformation auf Sturm-Liouville Form S,y(z) = - [p(z)L] y(z) + q(z)y(z)
ay(z
mit p(z) = frddm—exp(f%dx):exp(lnx—i—c):xexpc:xé.
0(0) = ple) 223 = oty = .
20t ) y(o) - Zy(o).

Say(z) =
Im folgenden: ¢ = 1: Lyy(x) = '?((;))S y(z) =2 [L (2L) y(z) - By(z)] =1 [(ij')/ - %}
Probe: [( y’)'—%} = [y +ay” } =y + 1y — 2y = Lay(2).
b) £ () fl)=—-xy — Szy()*F(fE),
Fa) = pa) L8 = = = oy,
F(x)

p(z) = ) T
[Se+M(@)]y(x) =0 + [L(z21)— L +aA]y(z) =0 fiir z € [a,b].

also p(z) =z, p(z) =z
Sturm-Liouville Transformation:

fzt()—fa\/zgz)ds f fd =[Tlds=2z—a — z2()=t+a.
= p( Ny(x V(t+a)(t+a)y(t+a) =Vt +ay(t +a).

)'] =12+ (32))

12 =B D= ghp (B )
c=tb)=b—a.
Llouvﬂles he Normalform

dtz w(t) +[4(t) — A w(t) =0 fiir t € [0,b— al,

— A w(t) + [Ha (B-1) f/\} w(t) =0 fiir t € [0,b — a.

¢) Probe: w(t) = vt + ay(t + a).
Lw(t) = & (Vi+ay( +a))=%(% _y(t+a) +\/t+ay(t—|—a))

\/H—ay(t—i—a +Vt+ay'(t +a)
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1 (B _ l) _ )\} w(t)= —/zy" (z) — y'(x) + L y(z) + ¥ (p (
(t4a)? 4 VT 4 2372 2372
/(Q/E)y”—i—% ~ By 4 Ny =0= Loy + My
Q) B="1 —L(t) + [-Nw(t) =0. = w’ = —Iw.

Ansatz: w(t) = asin(v/At) + B cos(vVAt).

y(1) =y(2) =0 = w(0) =w(l) =0 = =0, VA = mm mit m € N.

== (mm)?, w(t) = asin(rmt).

Eingesetzt in y(z) = y(t + a) = \/% = w(m—\/%a): ylx) = %w(m —a)= \/156“ sin(rm(z — a)).
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Probe: y/(z) = —§ =& sin(rm(z — a)) Ve cos(mm(x — a))
y'(x) = 225 sin(rm(z — a)) — 52572 cos(mm(x — a))
—3952 cos(mm(z — a) — % sin(mm(x — a))







