Mathematische Methoden der Theoretischen Physik 2016W

10. Tutorium - L&sungen 13.1.2017

o ANMERKUNG: Es liegt in der Verantwortung des Einzelnen, sich die Beispiele zunéchst alleine und ganz
ohne Hilfsmittel anzuschauen. Google, Wolfram Alpha, Losungssammlungen, etc. helfen nur kurzfristig -
leider nicht beim Test!

10.1 Gamma-Funktion

a) |(iz)!|? = [T(1 +iz)|?> = T(1 +iz)(1 —iz) = T(1 + iz)(—iz)T(—iz) = —T iy = 2T e = smhian)
f 2T (@ 4y + 222 ()73 2 —2* === o dydz = Jo S dr [y do fozﬂ dér? sin Or™ () =3/2e=""
n —rz oo n — oo n -
f fo drr®r = % fo 2f1/2t (et = Z f dt D/ 2emt = \%F((n +3)/2)

¢) [7exp(2ax — a*)dx = exp(a?) [ exp(—(x — a) )dz = exp(a?) [y exp(— )2\1[dt = 3T(1/2)exp(a?) =
3Vmexp(a’)
d) I, = [7/* sin™ 6df
Wenn n = 07 Iy =m/2.
Wennn=1,1; =1.
Wenn n > 1 /2
I, = — cosfsin™ 1 0|77 + (n— 1) fﬁ/z cos? §sin™ 2 0df
—(n—1) [ sin""20d6 — (n — 1) [/ sin" 0d6 = (n — 1)I,,_5 — (n — 1)1,

— I, =" 1In 2:n 1n 3[ =1 1n—3n— 5In 6= (n—1)/2 (n—1)/2—1 (n—1)/2— 2]—

n n—2n— n/2 n/2—1 n/2—2

Fiir gerade n

I — (n=1)/2 (n—=1)/2—-1 (n—1)/2-2 17/21 _ I((n+1)/2)/T(1/2) = _ I'((n+1)/2) V7
n T'(n/2+1)/T(1) 2 T(n/2+1) 2

n/2 n/2—1 n/2—2 2/240 —

Fiir ungerade n

[ = (n=D/2 (n-1)/2-1 (n-1)/2-2 2/QI _ D((n+1)/2)/T(1) _ T((n+1)/2) 1 _ I((n+1)/2) /7

n n/2 n/2—1 n/2—2 3/2+1 I(n/2+1)/T(3/2) T'(n/2+1) 2/I'(1/2) T'(n/2+1) 2
I'((n+1)/2 n+1)/2)I'(1/2

o 1, = sl 2 — Blagtantln, 3 o4 1)7212

Alternative Losung fiir d) und e):

t=cos0 — I, = [* sin" 6df —((fo o (”//2)115 i/;( ));1)/2dt — 11— ) (n=D/2-1/2g

o _ 1 I((n+1)/2)T(1/2 I'((n+1)/2

=3B((n+1)/2, 1/2) = I, =3 T(n/2+1) 2 T(n/2+1)

Anmerkung : Rekursmnsrelatlon fiir das Volmen V,,(R) einer n-dimensionalen Kugel mit Radius R

; n w2
Va(R) = RB((n+1)/2,1/2)V,1(R) — Lsung V,(R) = R" 5555

10.2 Diffusionsgleichung

a) (0, — AD)G(t,t';m,2") = 6(t — t')6(x — 2')
G(t,t';z,2') = —(2717)2 ffo dwf dkG (w, k)ei(t=t) gik(z—a")
= (8 — sDO2)G(t, ' 2,2) = 325 [7_dw [*_ dk(iw + 1 DE?)G (w, k)el =) etk(z =)

472
und §(t —t')0(z — a') = ;2 [To dw [T0 dk‘e’“’(t ¥) gik(z—a’)
Vergleich der Integranden' (iw + leQ)C;'(w, k)=1— Gw, k) =
G(t,thx,a") = 57 f_ dk ek L o fjooo dwwém@ ¢et=t)

=5 [l dk e o 7 dwFéDTz ewt=t)
— % fi’ooo dk eik(xfz’)H(t _ t/)eféDkQ(tft')

. 2 I—J;l 2
= (-0 [ ak ey (—300 - 1) (k- i) - 572 )

= H(t — ')/ sp—r exp (— {2207
xD(t—) P\ “2D@—t)

1
iu)Jr%Dk2




Alternative Losung

G(t,t;m,2") = o= [ dkG(t,t'; k)ek ==

— 0,G (t,f’,k) ;DkQG(t,t',k) :5(t—2t’)

Ansatz : G(t,t'; k) = F(t t')e~(1/2)DE=(t—t)

— F'(t—t")e” (/2R =) =0(t—t) = F'(t—t') = §(t —t")eW/DPK (=) — §(t — ') - F(t—t') = H(t —t')

G(t,t'32,0') = ok [, dhH(t = )e~ (VPR — pi(p —v), [5plr exp (— {507 )
b)
ylt) = [, [, Gt s, f (o' )dt'da’

= [ S H =0y sptay o0 (3550 ) 0() gy Ot

= H(t)\/ 5757 7a= | oo €XD (— (”;5?2) e=e"/(20%) gyt

27Dt /210
2
1 00 Dt+a? (7 2 1 2 /
= H(t) 271-Dt Gy f—oo exp <_ SDie? (m - aziDtx> ~ 221D ) dx
_ 1 1 2
=H(t),/ 2r(Dit+o?) XP (_ 22+Dn) ¥ )

10.3 Frobenius-Methode

a) Ansatz : y(x) = > a,z™t7 mit ag # 0

dzy’ + 2y +y =0 g1 [A(n+o)(n+ 0 —1)apz" ! +2(n+ 0)ana" ! + anz"|

=27% > [An+o+1)(n+o)+2(n+o+1)]anpiz™ +27 > 0 Oanx

Die Gleichung 27> [4(n+ o+ 1)(n+0) +2(n+ 0+ 1)] anp1a™ + 27 Y.~ a,a™ = 0 gilt fiir beliebige x.
= [dn+o+1)(n+0)+2(n+0+1)]ans1 +a, =0 fiir n >0

und [d(n+o+1)(n+0)+2(n+o+1)] a1 =0 firn=—1.

Fiir n = —1, gilt [4do(0 — 1) 4+ 20]ag = 0 Da ag # 0, gilt 0 =0,1/2

b) Wenn ¢ = 0 und n > 0,

[4n(n + 1) +2(n + D]apr1 + an =0 = ant1 = — gryny@nra e

— a1 =—%ap, ay=—35a1 = a0, a3 = —g5a2 = —gdg, ‘', Qp = (—1)”@@07

Wenn o = 1/2 und n > 0,

— ap = —%ao, az = —ﬁm = éao, az = —(%7@2 = —%QO, Ty Gn = (—1)n(2++1)!ao,
Allgemeine Losung:
y(@) = &1 0 o (~ 1) ghyran(o = 0)a™ + & Y0 o (—1)" gk pypao(o = 1/2)a nt1/2

= Zf:o(fl)nﬁxn Ty Zfzo(fl)nmmn+l/2 — Z;:O:O(fl)n (27”)!x (Cl + 2n+1 1/2)
(Cl = 51@0(0’ = 0), Co = 62&0(0’ = 1/2))




