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1. Test - Lösungen 2.12.2016

1 Rechenbeispiele [30 Punkte, 6 Punkte je Frage]

a) ∂i(1/
√
xjxj) = − 1

2(xkxk)3/2
∂ixjxj = − 1

2|x|3 (δijxj + xjδij) = − xi

|x|3

b)
δiiδjj − δijδjkδki = δiiδjj − δii = d2 − d
c) e1 = C1(2 − 1), e1 · e1 = C1 = 1 → C1 = 1 → e1 = (2 − 1)
e2 = C2(3 − 2), e2 · e2 = −C2 = 1 → C2 = −1 → e2 = (−3 2)

alternative Lösung:

(
e1

e2

)

=
(
e1 e2

)−1
=

(
2 1
3 2

)−1

=

(
2 −1
−3 2

)

d) Da g = (gij) und g−1 = (gij), gilt aij = gikgkj = δij . (A = (aij) ist eine Einheitsmatrix.)
εijka

1
ia

2
ja

3
k = det(A) = 1

e)
∮

C
2z

4z+1dz = 2πi 2z
4

∣
∣
z=−1/4

= − 1
4πi

2 Spektraltheorem [35 Punkte]

a) Eigenwertgleichung: A

(
a
b

)

= λ

(
a
b

)

→ (A− λI)

(
a
b

)

= 0 → det(A− λI) = 0

→ (1/3− λ)(−1/6− λ)− 1/9 = 0 → λ1 = −1/3 und λ2 = 1/2

b) Wenn λ1 = −1/3, 2a+ b = 0. → v1 = c1

(
1
−2

)

→ E1 = v1⊗v1

|v1|2
= 1

5

(
1 −2
−2 4

)

Wenn λ2 = 1/2, a− 2b = 0. → v2 = c2

(
2
1

)

→ E2 = v2⊗v2

|v2|2
= 1

5

(
4 2
2 1

)

Alternative Lösung :

p1(x) =
x−λ2

λ1−λ2

= − 6
5 (x− 1/2) = − 1

5 (6x− 3) → E1 = p1(T) = − 1
5

(
−1 2
2 −4

)

p2(x) =
x−λ1

λ2−λ1

= 6
5 (x+ 1/3) = 1

5 (6x+ 2) → E2 = p2(T) = 1
5

(
4 2
2 1

)

c) A = λ1E1 + λ2E2 → B = exp(A) = e−1/3E1 + e1/2E2 = 1
5

(
e−1/3 + 4e1/2 −2e−1/3 + 2e1/2

−2e−1/3 + 2e1/2 4e−1/3 + e1/2

)

d) [A,B] = [λ1E1 + λ2E2, e
λ1E1 + eλ2E2] = λ1e

λ1 [E1,E1]
︸ ︷︷ ︸

=0

+λ1e
λ2 [E1,E2] + λ2e

λ1 [E2,E1] + λ2e
λ2 [E2,E2]

︸ ︷︷ ︸

=0

= λ1e
λ2 [E1,E2] + λ2e

λ1 [E2,E1]
v1 und v2 sind orthogonal (oder E1E2 = E2E1 = 0) → [E1,E2] = 0 → [A,B] = 0
Alternative Lösung

AB = 1
6

(
2 2
2 −1

)

1
5

(
e−1/3 + 4e1/2 −2e−1/3 + 2e1/2

−2e−1/3 + 2e1/2 4e−1/3 + e1/2

)

= 1
30

(
−2e−1/3 + 12e1/2 4e−1/3 + 6e1/2

4e−1/3 + 6e1/2 −8e−1/3 + 3e1/2

)

BA = 1
5

(
e−1/3 + 4e1/2 −2e−1/3 + 2e1/2

−2e−1/3 + 2e1/2 4e−1/3 + e1/2

)

1
6

(
2 2
2 −1

)

= 1
30

(
−2e−1/3 + 12e1/2 4e−1/3 + 6e1/2

4e−1/3 + 6e1/2 −8e−1/3 + 3e1/2

)

→ [A,B] = AB−BA = 0

3 Lokale Transformation [35 Punkte]

a)
Kartesische Basis: e1 = x̂, e2 = ŷ.
Polarkoordinaten: (x′1, x′2) = (r, θ)
Transformation der Koordinaten: x1 = r cos θ, x2 = r sin θ.

Transformation der Basis: dx = dxiei = dx′j(∂′
jx

i)ei = dx′je′j → e′j = ∂′
jx

iei (∂′
jx

i = ∂xi

∂x′j )

S = (sij) = (∂′
jx

i) =

(
cos θ −r sin θ
sin θ r cos θ

)

b)

1



g′ = STS (oder g′ij = e′i · e′j) → g′ =

(
1 0
0 r2

)

und g′∗ = g′−1 =

(
1 0
0 1/r2

)

Alternative Lösung 1 für g′∗ :
(

e′1

e′2

)

= S−1

(
e1

e2

)

=

(
cos θ sin θ

−(1/r) sin θ (1/r) cos θ

)(
e1

e2

)

g′ij = e′i · e′j →
(

1 0
0 1/r2

)

c) dr/dt = 0, dθ/dt = 4πt

L =
∮

C1

ds =
∮

C1

√
dr2 + r2dθ2 =

∫ 1

0

√

a2(4πt)2dt2 = 4πa
∫ 1

0
tdt = 2πa

d) Vektor auf der Kurve C2 : r = 3 cos θe1 + 3 sin θe2
ds = ∂θr dθ = (−3 sin θe1 + 3 cos θe2) dθ = e′2|r=3 dθ = 9e′2|r=3 dθ
∮

C2

w · ds =
∫ 2π

0
(sin2 θe′1 − (1/9) cos2 θe′2) · 9e′2dθ = −

∫ 2π

0
cos2 θ dθ = −π

Alternative Lösung:
w = sin2 θe′1 − r−2 cos2 θe′2 = (sin2 θ cos θ + r−1 cos2 θ sin θ)e1 + (sin3 θ − r−1 cos3 θ)e2
→ w · ds = −3 sin3 θ cos θ − cos2 θ sin2 θ + 3 sin3 θ cos θ − cos4 θ = − cos2 θ →

∮

C2

w · ds = −π

2


