Mathematische Methoden der Theoretischen Physik - UBUNGEN 2018W

1. Test - Losungen 29.11.2019

1 Rechenbeispiele [30 Punkte, 6 Punkte je Frage]

a) Ojxi/(vja;) = 0iif (vja5) + 2:0i(1/ (x25)) = 3/ (wjay) + 2:0i(1/ (x25)) = 3/ (wjay) — xi/ (xj2) 0 (wak)
=3/(xjxj) — xif(xj)*2w40i = 3/ (x25) — 23w [ (x525)% = 1/(x525)

b)flfo=0—f=0C(12), f'-fi=5C=1—C, =1/5—f' =(1/52/5)

f2 f1=0— f2 = C2(2 — 1), f2 -y = —5C2 =1—>e’= (—2/5 1/5)

alternative Losung:

(B ) erono(f)cn wre (5 1) o e (4 1) ()

C) det(A) = EntmOn10p20m3 = Eném(ei)n(ej)f(ek)m - Enéméin(sjé(skm = Eijk
Alternative Losung:

0 0 1
Wenn i =joder j=koderk=42zB. A= 1 1 0 | — det(A)=
0 00
100
Wenn i, j, k eine gerade Permutation von 1,23 ist, zB. A= 0 1 0 | — det(A)=1
0 0 1
01 0
Wenn i, j, k eine ungerade Permutation von 1,2,3 ist, z.B. A = ( 1 0 0 | —det(A)=-1
0 0 1

— det(A) = Eijk-

d) Da g* =g~ ' und gij = gji, g7 gi; = (g"€" )i = (&878)i = Tr(1) =d
e) a-b =0 — orthogonal —» E,E, =0 — E;E2x =0

Alternative Losung:

1 1 1 -1
— 1 1
Ea—2<1 1>undEb—2(_1 1)

2
e (2)
- (2
EbEZX:(8>

2 Tensoren [40 Punkte]

o g (% V3) (1) oa ()5 (28 (1) -

A V2 ) _ _ _ _
%det(\/ﬁ 1_/\)>\ “A=2=(A=2)A+1)=0— A =—1 und Ay =2

b) Eigenvektor: e, = s7;e; = ( e es ) iQ
all @2 st 2s%; st
( a2l 22 ) < 82 > = < Vst + 52, ) = >\< 52 ) — V2s%; = Ast; und V25! + 5% = As?;
1 1
s\ _ (V2 2 V2 _ 2\ _ 1
821 > =3 ( 1 > < oder V3 < 1 . Wenn )\2 = 2, 822 = \/§ .
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Wenn)\1:—1,<
1
— _ 1
oder = \/§<\/§>
c) T=S1=8T - e =t/

A = alle;)(ej| = a"Tt";lef) (ep|t'; = t*5a"t e ) (ef] = a'|ef ) (e



— (') = T(a¥)TT = ST (a¥)S =

d) B = A™ in der Eigenbasis : (b'¥) =
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B in der kartesichen Basis : (b¥/) =
3 \/5((_1)7%&-1 + 2n) (_l)n _|_2n+1

Alternative Losung 1: (a¥)? = (a¥a?*) = (s%a’"™ 87,57, a'™0s%,) = (570" 8pna’™s* ) = (s%pa’“™a’ ™0 s )

ig\n _— (ot /em Imo Ipq _ 1ij\n _ 1 2(71)’” +2" \/i((il)nJrl +2n)
o (a) = (st sty = s@oyst = 4 (s CHIEE O VICIE )

Alternative Losung 2:
Projektor E; = |e})(e}]

In der kartesichen Basis E; = % < 2 —V2 > und Eqo = % <
A =\E;

A2 = )\ZEZ)\jEj = Al)\j(SUEZ = ()\1)2E1

A3 = A%A = (\)2ENE; = (V)20 E; = (\)PE;

An_(Ai)"Ei—(l)ng( _Qﬁ _12 ) +2n;,( \% \f >
(A" = A" 1A = (\)"IENE; = (\)"E)

d) x(t) = exp (A)x(0) = Y07 Arx(0) = Y00 (307 A Ex(0) = Yi, MEx(0) = Y7, NiEiey =
e '1(2e; — V2e3) + €2 L(e1 + V2e;) = $(2¢ 7' + e )e; + {(—e‘t + e?)ey
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3 Lokale Transformation [30 Punkte]
= djz'e; (D' = Oz

a) Transformation der Basis: dx = da'e; = dz'/ (9jz")e; = da' e — € o

J

sinfcos¢ rcosfcos¢g —rsinfsing

S =(s%) = (da') = | sinfsing rcosfsing rsinfcos¢
cos —rsinf 0
b)
1 0 0
g’ =S”S (oder gj; =€ -€}) =g’ =| 0 72 0
0 0 7r2sin*0

det(g’) = r*sin® 6 — /det(g’) = r?sin.
det(g’) = det(STS) = det(ST)det(S) = [det(S)]> — |det(S)| = y/det(g’)
oder
det(S) = r?sin® O sin? ¢p-+r2 sin 6 cos? O cos? ¢4 sin § cos? O sin? p+12 sin® O cos? ¢ = 72 sin® O+ sin 0 cos? 0 =
r?sinf = /det(g’)
c) dV = |dz'tdx"?dz"3e] - (e} x €})]
(oder = |dz dz"?dx"?e] - (€] x e}, wobei i, j, k einer Permutation von 1,2,3 ist.)
= dztdx?*dz3|det(e; ez e3)||det(S)| = 72 sin Odrdfde
oder
dV = |dx' dx"?dz"3e]) - (efy x e})]
e}, x e} = r?sin® f cos pe; + r?sin? O sin pey + 72 sin 6 cos fes
— e - (e x e}) = r?sin® O cos® ¢ + r2sin® Osin? ¢ + 2 sin O cos? 6 = r?sin® @ + 72 sin O cos? § = r?sin O
Q)
V-w=e"0; - wie) =e"d;- (Gu’G'e}) = (9;Guw)e" - G~'e; + Gue" - (9;G~'e))
“HO[Guw)e" - ey = GTH(0;Gw" )% = GTH(9;Guw")

w
V-w = 20/(Gu'") = £(9,(r*sin6 cos® ¢) + 04(r* sin O sin® ¢)) = 4r cos® ¢ + 2r? sin ¢ cos ¢



fv(y -w)dV = f02 dr [y d9f dér? sin 0(4r cos® ¢ + 2r? sin ¢ cos ¢) = 4n fo dr [, dor®sinf = 87 fo drr3
327

Alternative Losung:

Gauflscher Integralsatz [i,(V - w)dV = ¢, w - dF

dF = dfdpely x el = r? sin fe’*dfd¢

$pw-dF = [ df fo% d¢2*sin f cos® ¢ = 167 [ df sin § = 327>



