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1. Test - Lösungen 29.11.2019

1 Rechenbeispiele [30 Punkte, 6 Punkte je Frage]

a) ∂ixi/(xjxj) = δii/(xjxj) + xi∂i(1/(xjxj)) = 3/(xjxj) + xi∂i(1/(xjxj)) = 3/(xjxj)− xi/(xjxj)
2∂i(xkxk)

= 3/(xjxj)− xi/(xjxj)
22xkδik = 3/(xjxj)− 2xixi/(xjxj)

2 = 1/(xjxj)
b) f1 · f2 = 0 → f1 = C1(1 2), f1 · f1 = 5C1 = 1 → C1 = 1/5 → f1 = (1/5 2/5)
f2 · f1 = 0 → f2 = C2(2 − 1), f2 · f2 = −5C2 = 1 → e2 = (−2/5 1/5)
alternative Lösung:
(

f1

f2

)
(
f1 f2

)
= I →

(
f1

f2

)

=
(
f1 f2

)−1
=

(
1 −2
2 1

)−1
(
e1 e2

)−1
= 1

5

(
1 2
−2 1

)(
eT1
eT2

)

c) det(A) = εnℓman1aℓ2am3 = εnℓm(ei)n(ej)ℓ(ek)m = εnℓmδinδjℓδkm = εijk
Alternative Lösung:

Wenn i = j oder j = k oder k = i, z.B. A =





0 0 1
1 1 0
0 0 0



 → det(A) = 0

Wenn i, j, k eine gerade Permutation von 1,2,3 ist, z.B. A =





1 0 0
0 1 0
0 0 1



 → det(A) = 1

Wenn i, j, k eine ungerade Permutation von 1,2,3 ist, z.B. A =





0 1 0
1 0 0
0 0 1



 → det(A) = −1

→ det(A) = εijk.
d) Da g∗ = g−1 und gij = gji, g

ijgij = (g∗gT )ii = (g∗g)ii = Tr(1) = d
e) a · b = 0 → orthogonal → EbEa = 0 → EbE

2
ax = 0

Alternative Lösung:

Ea = 1

2

(
1 1
1 1

)

und Eb =
1

2

(
1 −1
−1 1

)

Eax =

(
2
2

)

E2
ax =

(
2
2

)

EbE
2
ax =

(
0
0

)

2 Tensoren [40 Punkte]

a) Eigenwertgleichung:

(
0

√
2√

2 1

)(
u
v

)

= λ

(
u
v

)

→
(

−λ
√
2√

2 1− λ

)(
u
v

)

= 0

→ det

(
−λ

√
2√

2 1− λ

)

= λ2 − λ− 2 = (λ− 2)(λ+ 1) = 0 → λ1 = −1 und λ2 = 2

b) Eigenvektor: e′i = sjiej =
(
e1 e2

)
(

s1i
s2i

)

(
a11 a12

a21 a22

)(
s1i
s2i

)

=

( √
2s2i√

2s1i + s2i

)

= λ

(
s1i
s2i

)

→
√
2s2i = λs1i und

√
2s1i + s2i = λs2i

Wenn λ1 = −1,

(
s11
s21

)

= 1√
3

( √
2

−1

)(

oder 1√
3

(
−
√
2

1

))

. Wenn λ2 = 2,

(
s12
s22

)

= 1√
3

(
1√
2

)

.

oder = − 1√
3

(
1√
2

)

.

c) T = S−1 = ST → ei = tjie
′
j

A = aij |ei〉〈ej | = aijtki|e′k〉〈e′ℓ|tℓj = tℓja
ijtki|e′k〉〈e′ℓ| ≡ a′ij |e′k〉〈e′ℓ|

1



→ (a′ij) = T(aij)TT = ST (aij)S = 1√
3

( √
2 −1

1
√
2

)(
0

√
2√

2 1

)

1√
3

( √
2 1

−1
√
2

)

=

(
−1 0
0 2

)

d) B = An in der Eigenbasis : (b′ij) =

(
−1 0
0 2

)n

= (b′ij) =

(
(−1)n 0

0 2n

)

B in der kartesichen Basis : (bij) = S

(
(−1)n 0

0 2n

)

ST = 1√
3

( √
2 1

−1
√
2

)(
(−1)n 0

0 2n

)

1√
3

( √
2 −1

1
√
2

)

=

1

3

(
2(−1)n + 2n

√
2((−1)n+1 + 2n)√

2((−1)n+1 + 2n) (−1)n + 2n+1

)

Alternative Lösung 1: (aij)2 = (aijajk) = (siℓa
′ℓm sjmsjn

︸ ︷︷ ︸

STS=1

a′nosko) = (siℓa
′ℓmδmna

′nosko) = (siℓa
′ℓma′mosko)

→ (aij)n = (siℓa
′ℓma′mo · · · a′pqskq) = S(a′ij)nST = 1

3

(
2(−1)n + 2n

√
2((−1)n+1 + 2n)√

2((−1)n+1 + 2n) (−1)n + 2n+1

)

Alternative Lösung 2:

Projektor Ei = |e′i〉〈e′i|

In der kartesichen Basis E1 = 1

3

(
2 −

√
2

−
√
2 1

)

und E2 = 1

3

(
1

√
2√

2 2

)

A = λiEi

A2 = λiEiλjEj = λiλjδijEi = (λi)
2Ei

A3 = A2A = (λi)
2EiλjEj = (λi)

2λjδijEi = (λi)
3Ei

An = (λi)
nEi = (−1)n 1

3

(
2 −

√
2

−
√
2 1

)

+ 2n 1

3

(
1

√
2√

2 2

)

(An = An−1A = (λi)
n−1EiλjEj = (λi)

nEi)

d) x(t) = exp (At)x(0) =
∑∞

n=0
A

n

n!
x(0) =

∑∞
n=0

∑2

i=1

λn
i

n!
Eix(0) =

∑2

i=1
eλitEix(0) =

∑2

i=1
eλitEie1 =

e−t 1
3
(2e1 −

√
2e2) + e2t 1

3
(e1 +

√
2e2) =

1

3
(2e−t + e2t)e1 +

√
2

3
(−e−t + e2t)e2

3 Lokale Transformation [30 Punkte]

a) Transformation der Basis: dx = dxiei = dx′j(∂′
jx

i)ei = dx′je′j → e′j = ∂′
jx

iei (∂′
jx

i = ∂xi

∂x′j )

S = (sij) = (∂′
jx

i) =





sin θ cosφ r cos θ cosφ −r sin θ sinφ
sin θ sinφ r cos θ sinφ r sin θ cosφ

cos θ −r sin θ 0





b)

g′ = STS (oder g′ij = e′i · e′j) → g′ =





1 0 0
0 r2 0
0 0 r2 sin2 θ





det(g′) = r4 sin2 θ →
√

det(g′) = r2 sin θ.

det(g′) = det(STS) = det(ST )det(S) = [det(S)]2 → |det(S)| =
√

det(g′)

oder

det(S) = r2 sin3 θ sin2 φ+r2 sin θ cos2 θ cos2 φ+r2 sin θ cos2 θ sin2 φ+r2 sin3 θ cos2 φ = r2 sin3 θ+r2 sin θ cos2 θ =
r2 sin θ =

√

det(g′)

c) dV = |dx′1dx′2dx′3e′1 · (e′2 × e′3)|
(oder = |dx′1dx′2dx′3e′i · (e′j × e′k wobei i, j, k einer Permutation von 1,2,3 ist.)

= dx1dx2dx3|det(e1 e2 e3)||det(S)| = r2 sin θdrdθdφ

oder

dV = |dx′1dx′2dx′3e′1 · (e′2 × e′3)|
e′2 × e′3 = r2 sin2 θ cosφe1 + r2 sin2 θ sinφe2 + r2 sin θ cos θe3
→ e′1 · (e′2 × e′3) = r2 sin3 θ cos2 φ+ r2 sin3 θ sin2 φ+ r2 sin θ cos2 θ = r2 sin3 θ + r2 sin θ cos2 θ = r2 sin θ

d)

∇ ·w = e′i∂′
i · w′je′j = e′i∂′

i · (Gw′jG−1e′j) = (∂′
iGw′j)e′i ·G−1e′j +Gw′je′i · (∂′

iG
−1e′j)

= G−1(∂′
iGw′j)e′i · e′j = G−1(∂′

iGw′j)δij = G−1(∂′
iGw′i)

e)

w = w′ie′i, G = r2 sin θ

∇ ·w = 1

G
∂′
i(Gw′i) = 1

G
(∂r(r

4 sin θ cos2 φ) + ∂φ(r
4 sin θ sin2 φ)) = 4r cos2 φ+ 2r2 sinφ cosφ

2



∫

V
(∇ ·w)dV =

∫ 2

0
dr

∫ π

0
dθ

∫ 2π

0
dφr2 sin θ(4r cos2 φ+ 2r2 sinφ cosφ) = 4π

∫ 2

0
dr

∫ π

0
dθr3 sin θ = 8π

∫ 2

0
drr3 =

32π2

Alternative Lösung:
Gaußscher Integralsatz

∫

V
(∇ ·w)dV =

∮

F
w · dF

dF = dθdφe′2 × e′3 = r2 sin θe′1dθdφ
∮

F
w · dF =

∫ π

0
dθ

∫ 2π

0
dφ24 sin θ cos2 φ = 16π

∫ π

0
dθ sin θ = 32π2

3


