Mathematische Methoden der Theoretischen Physik 2019W

5. Tutorium - L&sungen 22.11.2019

o ANMERKUNG: Es liegt in der Verantwortung des Einzelnen, sich die Beispiele zunéichst alleine und
ganz ohne Hilfsmittel anzuschauen. Google, Wolfram Alpha, Losungssammlungen, etc. helfen nur kurz-
fristig - leider nicht beim Test!

5.1 Differentialoperatoren (II)

a) V x (VJ?Z) — Ejkl 6kal in =0
NG~ <~
asymmetrisch symmetrisch

b) Vil = f19,2" = £96;" = fi
o V="1-(fxf;)=/det(g) = f' = Lfo x f5 und f; = V £ x 3 (siehe Bsp.4.2)
Ve ($f) =V (2 x3) = (Vx \fi/ )-£3 —£2.(V x \fi/):(Vxsz)'f3—f2-(V><Vm3):0
—— ——
=va2 (Bsp.b) =Va? =0 (Bsp.a) =0
Auf die gleiche Weise V- (V~fy) =0 und V- (V~1f3) =0
Beweis des Hinweises
Da die Identitéit V-(axb) = (V xa)-b—a-(V x b) unabhingig von der Basis ist, wird sie in der kartesischen
Basis {e1,ez,e3} (d.h. a = a’e; und b = b'e;) bewiesen.
V- (axb)=V-(de; xbej) =V-(a'be; x e;) = V- (a'be;re’) = ed" - (a'be;;re’) = cijrer - ek (a'b?)
= eij10r 0 (a't) = g;1,((0Fa)b + a'(0FV)) = (V x a);b) —a'(V x b); = (V xa)-b—a-(V xb)
d) v =v'f;

V-v= fj ~8j (szl) = fj '8j (széfz) = fj '8]' (V’Ul) %fz +Vvi fj . 8j <‘ifz> = %8 (VU )(5 = %8 (VU )
=0(Bsp.c)
Anmerkung : Laplace-Operator

V- (Vi(x)) = V- (£:0"9(x) = 3:0;(VO'd(x)) = 70;(V 9" 9;9(x))

5.2 Lokale Transformation (II)

sinfcos¢ rcosfcos¢ —rsinfsing

a) e} = s'je; = 525a'e; (siche Bsp.4.4), S = (3252') = [ sinfsing rcosfsing rsinfcose
cosf —rsinf 0
r_ _ 9zl 9 _ j
b) 0} = i = Ginge = 749

— 0, = sinf cos pd; + sin O sin ¢, + cos 00, = (z% + y? + 22) "V 2(20, + y9, + 20.)
0 = —rsinfsin ¢0, + rsinb cos p0y = x0y — YOy
Anmerkung :
In der Quantenmechanik, ist der Impulsoperator durch p; = —i9; definiert (¢ : die imaginére Einheit).
— —i0, =r"'r-p =p, und —10p = Tpy — Ypz = L.

flT 1 0 0
—g =1 ef (e’1 e, e} ):ST(e1 ey e3 )T(e1 ey ej )S:STS: 0 r? 0
eéT 0 0 72sin?6
1 0 0
g*/ _ gI—1 — 0 1/7“2 0

0 0 1/(r’sin?0)
Anmerkung : Da die metrischen Tensoren diagonal sind, sind die Kugelkoordinaten orthogonale (aber nicht-
normierte) Koordinaten.
d) Oberflache F = {(r,0,¢)|r =3,0 <0 < 7/2,0 < ¢ < 2w} — Tangentialebene der Fliche F : ae), + fef
— Das Flichenelement dF = dz'*e} x di’ey| _, = V|,_ge*dzda’® mit V = /det(g) = r*sing



— dF = 9sinfe' dz"%dx"3
Vektorfeld : w = w’e” = sin ¢e’? + sin fe’3

N XY _ /oINS 17 / 15 o/ 7 _ o\ dik 1 of A Y 1 /
Vxw=e70; xwie" = (dw))e” xe" +w; e’0;xe = (jw;)e?™" ;e = (Fw))e?™ smigel,
ﬁ/_/
=V xe’"=0 Bsp.5.1ab
27 77/2 o jik 1 g2 7,03 _ (27 (72000 i i1 7,02 7,03
JpV xw-dF = [ (O5w})r=3"" gmge), - 9sinde da"?dx" = [ [T (Fjw" ) =3e”" da"*dx
2 2
=/ 07T/ (aéw/:S)r:de/le,/B 0‘" n/ (33w/2)r 3dx’2dz/3
2 2 2
=" Oﬂ/ cos 0dOded — f W/ cos(p)dfde = 27

Alternative Losung : Satz von Stokes JpVxw-dF = [, wds mit C = {(z,y,2)|r =3,0 =7/2,0 < ¢ <27}
ds = da''e; — [, w-ds = fo sin(p)e’? + sinfe’®)c - ehdp = fo% sinbly_, , do = 27

5.3 Tensoren

a) Fiir orthonormale Basen g;; = §;; — A = a|e;)(e;j| = a gir.gs;|€*)(e’| = are|e®) (e’

-3 2 -2
= ape = ad9gingy; = = ()= -2 2 -1
2 -2 1
b) ej:fitij
A = alle;)(e;| = aVt¥it"; |fi) (£ = a|fy) (£
1 01 -3 2 -2 1 0 -1 —2 -1 1
= @) =T@HTT=| 0 1 1 -2 2 -1 01 2 |]=( 0 0 o
-1 2 0 2 -2 1 11 0 -1 2 5
fl f!
| B2 (6 £ f5)=T— | £ |=(f £ )
3 3
fl el
(e1 e e )=(f £, )T > | 2 |=(f, o f5) =T(e e e ) =T| &
f3 &3
fl=el4e3 f2=e2+¢e3 f3=—e! 42

d) V* = £ (£2 x £3) = —
f1 = V*_l(f2 X f3) = 2e; + ey —es, fg = Vv*_l(f3 X fl) = —2e; —e2—|—293, f3 = V*_l(fl X f2) =e;t+ey—es,

2 -2 1
-S=T'!'=( 1 -1 1
-1 2 -1
g7/lj = fi 'fj = skiek . Sljeg = skisljdkg = Skiskj = (STS)ZJ
2 1 -1 2 -2 1 6 -7 4
= -2 -1 2 1 -1 1 = -7 9 =5
1 1 -1 -1 2 -1 4 -5 3
g/ij = fl fj = tikek tjge = tiktjgtske = tiktjk = (TTT)ij
1 2 1 -1
= 2 = 1 2 2
71 2 0 0 -1 2 5

Anmerkung : g*g’ TTT (STS)=TT78’S =TS =1
N—

=1

e) A = a"I|f)(f;]| = o' g} |£i) (£°] = a’[f;) (£°]

-2 -1 1 6 -7 4 -1 0 O
(@i)=(@NgT= 0 0 0 79 5= 0 0o

-1 2 5 4 -5 3 0 0 1
A = a"[fi) (8] = o' gjy.g; ) (] = aegpy [E7) (£ = aj [£°) (£°]

6 -7 4 -1 0 O -6 0 4
(a})) =g (@)= -7 9 -5 0 0 0 |= 7 0 =5

4 -5 3 0 0 1 -4 0 3



2 -2 1 2 -2 1
-2 -1 1 -6 0 4 1 0
a'Jal; = Tr 0 0 0 7 0 =5 =Tr| 0 0 ]|=2
-1 2 5 -4 0 3 0 1

Alternative Losung :
a'aj; = Tr(T(aV)TTST (ar)S) = Tr(T(a”a;e)S) = Tr(ST(a"aje)) = Tr((aVaje)) = a”ayq

-3 2 =2 -3 2 =2 1 2 2
f) aYaj; = Tr -2 2 -1 -2 2 -1 =Tr| 0 2 1 =2
0
0
0



